FIBERED STABLE VARIETIES 
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ABSTRACT. We show that if a stable variety admits a fibration with stable fibers and base, then 
this fibration structure deforms (uniquely) for all small deformations. Furthermore, we show the 
corresponding statement for multiple level fibrations, i.e., for towers of stable varieties. During 
our proof we obtain results of independent interest: (a) R 1 f*&x is an anti-nef vector bundle for flat 
bJQi families of connected, equidimensional Du Bois varieties (b) a Bogomolov-Sommese type vanishing 

^ ■ for vector bundles and reflexive differential n — 1-forms. 
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1. Introduction 

The moduli space Tlh of stable varieties (or equivalently of semi-log canonical models) with 
Hilbert polynomial h is the natural generalization of the widely investigated space DJtg of stable 
curves of genus g HKollOH . HKSB88H . HKol90l . It parametrizes (possibly reducible) varieties with 
semi-log canonical singularities and ample canonical bundle. Furthermore, it has an open subspace 
specializing to 0Jt 9 in dimension one that parameterizes birational equivalence classes of varieties 
of general type. The construction of %R h was made partially possible by the recent advances in 
minimal model theory HBCHM10H . and log-generalizations of 071^ are still partially under con- 
struction. 

Having constructed %Jl h , it is natural to ask what can be said about its global geometry. At this 
point it has to be noted that 9Jt/ t has a very rich structure, it has many very differently behaving com- 
ponents even after fixing the numerical invariants. So, the known results either concern a subset 
of all the components or only the smooth part (e.g., HKK10H . HVZ03H . HPatl2ll ). The current article 
aims for results of the first type. Results in this direction were known for surfaces (e.g., HvO06bH . 
HvO06aL lEuHI . URoIIOL ITAP091 . ULeeOOI . HHKT09L HHas99H . HHac04L HLazl2ID and for highe r 
dimensional pairs, where the ambient space has Kodaira dimension at most zero (e.g., HHKT06H , 
HAle02P . According to the best knowledge of the author, results for arbitrary dimensions where 
the ambient space is of general type were not known before the recent work of HBHPS12H . What 
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makes such results particularly hard is that in these cases the moduli space can be arbitrarily sin- 
gular HVak06ll . Therefore, first order computations do not yield enough information; obstructions 
and their connections have to be understood thoroughly. 

In HBHPS12H components containing products of stable varieties were described very precisely. 
It turned out that if a stable variety admits a product structure, then so do all its deformations. 
Instead of having a product structure, one can look at the weaker condition: having a fibration 
structure with stable fibers and base. Then the fibration structure does not extend to all deforma- 
tions as a product structure, because of certain monodromy issues in the limit at infinity HAV021 . 
However, according to the main result of the paper, the fibration structure does extend to small 
deformations. Furthermore, similar result holds if a stable variety has not only one fibration but a 
tower of them. 

1 A. Moduli theoretic results 

Here we state the main result of the paper and its most important corollaries. We work over an 
algebraically closed field k of characteristic zero. A tower of stable varieties over a base scheme 
B is a commutative diagram 



/ 




(l.O.a) X = X n —^X n ^ —^...—^X 1 — t X Q = B, 

In Jn-1 12 Jl 

where /, are families of stable varieties. 

Theorem 1.1. If a stable variety X admits a tower of stable varieties structure as in (ll.O.al) (with 
B = Spec k), then this tower structure deforms to all small deformations (after a possible finite 
base change). 

In fact, Theorem II .11 is the immediate consequence of the more explicit Theorem 1 1.21 To state 
it we need further notations. Fix a dimension vector m = (m 1; . . . , m n ). Let IWlm denote the 
(pseudo-)functor of towers of stable varieties as in (ll.O.al) . such that dimf = rxii. We will prove 
that it is a DM-stack locally of finite type over k. Set m := J2i m i an d set 97t m := \J degh=m 9Jth 
be the moduli space of all stable varieties of dimension m. Given a tower of stable varieties as in 
(ll.O.al) . we prove that the composition / : X — > B is a family of stable varieties, hence one can 
define a forgetful map TVJlm — > 9Jt m forgetting all middle levels of towers. The main theorem of 
the article is then as follows. 

Theorem 1.2. The forgetful morphism F : TQTtm — > Wl m is etale. 

Another immediate consequence, or rather a rewording, of Theorem ll.2l is as follows. 

Corollary 1.3. The image of F : IWlm — > is dense in every component it intersects. 

In the special cases, when m = (1, . . . , 1), a compactification of %Wlm is known by the iterated 
use of the Abramovich-Vistoli construction of stable maps from stable curves HAV02H . Intuitively 
it can be thought of as a moduli space of "towers of stable twisted curves", i.e., of towers of 
stable curves with some extra stack structure at certain nodes and over their fibers. Denote this 
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moduli spaceQ by 2l2J m . One can show now that F extends naturally to a forgetful moronism 
F : 2l2Jm — > 9ttm UPatlOal Notation 7.2]. Since every component of both 2U2Jm and Wl m is proper, 
and the image of F is dense in the relevant components according to Corollary 1 1.41 we obtain the 
following corollary. It states that the one parameter degenerations of stable varieties admitting a 
tower of stable curves structure are coarse moduli spaces of stacks admitting a tower of twisted 
stable curves structure. 

Corollary 1.4. Ifm = (1, . . . , 1), then the natural forgetful morphism F : 2U2J m — > 0Jl m from 
the Abramovich-Vistoli compactification of%%R m is surjective onto every irreducible component 
intersected by the image oflVJtm Q 2133m- 

Note that the above corollary is crucial for the results of UPatlOal . Unfortunately Corollary 1 1.41 
does not generalize to higher dimensions, since the corresponding generalization of HAV02I is not 
known. That is, according to the best knowledge of the author, twisted stable maps from stable 
varieties, or even from stable surfaces, are not defined. Note that Alexeev defined non-twisted 
stable maps from surfaces in HAle96H , hence it would be interesting to extend that to the stack 
target case. 

Question 1.5. Is there a good definition of twisted stable maps from stable varieties, or at least 
from stable surfaces? 

I B. Positivity and vanishing results 

During the proof of Theorem ll.2l we prove several results that are a priori not moduli theoretic and 
might be interesting in themselves. First, there is the following positivity results, which pertains to 
any family of stable varieties or even stable pairs. 

Theorem 14.11 If / : X — > Y is a flat, projective family of connected, Du Bois schemes of pure 
dimension n, then R 1 f+tfx is an anti-nef or equivalently Rr 1 f*u' x /Y l% a ne ^ vector bundle. If 
furthermore the fibers of / are Sd for some n > d > 2, then R 1 f^&x is an anti-nef or equivalently 
R~' l f*tu X / Y is a nef vector bundle for every % < d. 

Second, there are the following two vanishing results, the first of which is implied by the second 
one. Note that Theorem |5.6| is a vector bundle version of a special case of the Bogomolov-Sommese 
vanishing for reflexive differentials HGKKPlll Theorem 7.2]. 

Theorem 15.41 If X is a stable variety, and S a weakly-negative vector bundle on X, then 

H.om x (n x ,£) = Hom x (L x ,<f) = 0. 

Theorem 15.61 If X is a projective variety of dimension n, D > a Q-divisor on X such that 
(X, D) is log canonical, Jzf an anti-ample Q-line bundle, S a weakly-negative vector bundle, then 

It is expected that most results of Section [LAl hold in the log case as well, i.e., when stable 
varieties are replaced by stable pairs. However, we made the decision to keep the log-free versions 
since the deformation theory part, i.e., Section [3l would have been considerably longer in the 

'To be precise, = U B >j A > 1 ^(^(^"^",,o(^ 

where we used the notations of IIAV02I . 



4 



ZSOLT PATAKFALVI 



log case. This is partially due to the fact that even the starting point of our deformation theory 
considerations (i.e., HAH1110 uses the non-log setting. On the other hand, Theorems 14. II and 15.61 
come naturally valid in the log-setting. 

l.C. Idea of the proof and organization 

Consider a tower as in (ll.O.al) . According to HB HPS 121 Propositions 3.9 and 3.10], to equate 
the (unconstrained) deformation theory of the tower and of the composition X — > B, the most 
important step is to prove that Hom^ t , R 1 (fi)*^'x i ) = for 2 < i < n. One can obtain 

this from Theorems 14. 1 1 and 15.4-L However, there is a subtlety in the deformation theory of stable 
varieties which makes things considerably harder. The deformation theory of an object in Wl h 
is not given by the unconstrained deformation theory of the corresponding stable variety, but the 
deformation theory of its index-one covering stack HAHllH . This index-one covering stack is a 
finite, birational cover the canonical bundle of which is a line bundle. Therefore, one has to pass 
to index- one covers and then apply HBHPS121 Propositions 3.9 and 3.10]. This passage is worked 
out in Section [3j Section [2] contains the precise definition of the objects of Theorems 1 1.21 Sections 
|4]and[5]are devoted to the proofs of the above mentioned Theorems 14 . 1 1 and |5 .41 while the proof of 
Theorem [L2] is finished in Section [6] 

I D. Acknowledgement 

The author is thankful to Karl Schwede, who pointed out in a conversation at the AIM workshop 
"Relating test ideal and multiplier ideals" that using HSch07H most vanishing results generalize to 
Du Bois schemes if one replaces the canonical sheaf with the dualizing complex. This was an 
extremely important input in the development of Section |4l 

I.E. Notations 

We work over an algebraically closed field k of characteristic zero. All schemes and stacks are 
noetherian and separated over k. A noetherian scheme X is relatively over B, if X b is Sd for 
every b E B. In the same situation if Xb is Gorenstein in codimension one for all b E B, then 
X is relatively G\ over B. The absolute version of these and of all the other following notions is 
obtained by simply taking B = Spec k. Since depth of a point and being Gorenstein are formal 
local properties, being Sd or Gorenstein can be defined for DM- stacks by requiring them on etale 
covers by schemes. Then the above notions do make sense for DM- stacks. 

For an arbitrary coherent sheaf & on a scheme X, the reflexive hull of & is J^** . Reflexive 
power, pullback, tensor product, etc is defined by taking power, pullback, tensor product, etc and 
then reflexive hull. E.g., the second reflexive power is (j^® 2 )**. Reflexive operations are 
denoted by putting square brackets around the usual operation signs. E.g., reflexive pullback is 
denoted by /W and reflexive tensor product by [(g)]. Reflexive (log-)differentials are denoted by 
f2^(logZ}) an d coherently with the above discussion are (f2^(log-D))**. Let X be flat and rel- 
atively S*2, G\ over B. The sheaf ^ on X is a Q-line bundle, if it is reflexive, a line bundle in 
relative codimension one, and ^"H i s a ii ne bundle for some m ^ 0. In particular, by HHK041 
Proposition 3.6] then J^ im l = («^N)*. A Q-line bundle is nef, relatively ample, etc. if J?H i s 
nef for any m such that i s a line bundle. By the above this discussion, this definition does 
make sense. 
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Vector bundle means a locally free sheaf of finite rank. Line bundle means a locally free sheaf of 
rank one. When it does not cause any misunderstanding, pullback is denoted by lower index. E.g., 
if & is a sheaf on X, and X — >■ Y and Z — > Y are morphisms, then &z is the pullback of & to 
X Xy Z. This unfortunately is also a source of some confusion: & y can mean both the stalk and 
the fiber of the sheaf J£~ at the point y. Since both are frequently used notations in the literature, 
we opt to use both and hope that it will always be clear from the context which one we mean. 

A representable morphism of stacks means representable by schemes. A proper DM-stack with 
a coarse moduli space is projective if and only if so is its coarse moduli space. A Q-line bundle or a 
Q-Cartier divisor L on a DM-stack 3£ is (relatively) ample, if the descent of a high enough multiple 
of L to the coarse moduli space (given that that exits) is (relatively) ample. This is equivalent to 
saying that for any finite cover Y of SE by a scheme the pullback of L to Y is (relatively) ample. 
Note that this definition really works in the relative case only if the base is a scheme. If it is 
a stack, then we pull back our family via an etale cover of the base, and we apply the above 
definition there. Since taking coarse moduli space commutes with base change HAV021 Lemma 
2.3.3], if 3£ is projective over the base, then L is relatively ample if and only if it is ample over 
every fiber over ever Appoint of the base (this works even if the base is a DM-stack as well) HLaz04[ 
Theorem 1.7.8]. The category &chk is the category of schemes over k. Square brackets around 
quotients, e.g., [P/G], means stack quotient. 

All derived category computations of the article take place in D qc (X), the derived category of 
unbounded complexes with quasi-coherent cohomology sheaves. In our situation this is equivalent 
to the derived category of complexes of quasi-coherent modules via the natural embedding of the 
latter into D qc (X). Furthermore the derived functors behave compatibly with this equivalence 
HNee96[ page 207]. Also, the usual bounded derived categories are full subcategories of D qc (X), 
again with agreeing derived functors. We need to use the unbounded derived category, because the 
cotangent complex hx of a scheme (or DM-stack) is unbounded (from below). If c (o G D qc (X), 
then h l {^>) is the z-th cohomology sheaf and H l {X, c S') is the i-th hypercohomology of c &. If 
/ : X — > Y is a morphism, R <r f^€ and R- l f^ mean the adequate truncations of Rf^£ . By 
definition, u x := fuy and uj x , y := f&y. 

The abbreviations Ic and sic mean log canonical and semi-log canonical, respectively. If S is 
a reduced divisor on a (demi-)normal scheme, < A a Q-divisor, and S a reduced divisor with 
normalization S n , then Diff s A and Diff 5 n A denote the different HKoll2[ Different 4.2]. 

2. Definition of the moduli spaces and forgetful maps 

In this section we define precisely the moduli space IWlm, and then after some technical prepa- 
ration we define the functor F : Zffllm — > Wl m of Theorem 11.21 Some of these were described 
already in Section [TJ however we include them here again for thorough reference. 

2. A. The moduli spaces 

First, shortly we recall the definition of stable varieties, and define the moduli space X9Jtm_. 

Definition 2.1. A noetherian scheme is demi-normal, if it is S 2 and normal crossing in codimen- 
sion one HKoll2[ Definition 5.1] . 
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Definition 2.2. Let X be a demi-normal scheme and n : X — > X its normalization. Then the 
(reduced) double locus of ix on X is of pure codimension 1 and is called the conductor of X. 
Denote it by D. The scheme X is semi-log canonical (or shortly sic), if Kx is Q-Cartier and 
(X, D) is log canonical HKoll2[ Definition-Lemma 5.10]. 

Notation 2.3. If X is a demi-normal scheme, then saying that n : (X, D) — > X is the normaliza- 
tion means that D is the conductor divisor, on the normalization X of X. By the abuse of notation, 
the (reduced) divisor of the double locus on X, i.e., (tt^D)^, is also called the conductor. We 
hope this does not lead to confusion. 

By Definition |2.2[ sic. singularities are higher dimensional generalizations of the one dimen- 
sional nodal singularities. Indeed, in one codimension an sic. scheme is nodal, and in higher 
codimensions some more subtle but still somewhat mild singularities appear. Similarly stable va- 
rieties, as defined in Definition 12.41 are immediate higher dimensional generalizations of stable 
curves. In particular, a one dimensional stable variety is exactly a stable curve. 

Definition 2.4. A stable variety is an equidimensional, connected, proper, sic. scheme, such that 
ux is ample. The function h(m) := x y^jcj * s cai l e d the Hilbert function of X. 

Definition 2.5. A family of stable varieties is a flat morphism / : X — >• B, such that for all m £ Z 

and b £ B, Xj, is a stable variety and oJ^j B is flat, and for every base change r : B' — > B and the 
induced morphism p : X B i — > X, 



ac \ * \ m \ 

.5. a) p u x j B = 



, ,i m J 

X B ,/B>- 



The condition (I2.5.al) is usually refered to as Kolldr's condition. 



Notation 2.6. One may consider then the category of all stable families with fixed Hilbert function 
h. One can show that this forms a proper DM-stack of finite type over k HB HPS 121 Theorem 2.8], 
and it is denoted by DJlh in this article. The category of all stable families of relative dimension m 
is denoted by 9Jt m . That is, Wl m = \J dcgh=m W-h- 

Definition 2.7. A tower of stable varieties with Hilbert function vector h = (h±, . . . ,h n ) over a 
base scheme B is a commutative diagram 



/ 




(2.7.a) X = X n — -X n „! — * . . . — +X X — *X = B , 

In Jn-1 J2 Jl 

such that f is a family of stable varieties (satisfying Kollar's condition), and \ ) H ) = ^«( m ) 
for every m£Z, 1 < i < n and y E X^. Define the category fibered in groupoids 1971^ over 
&chk to have such towers as objects over B, and natural Cartesian pullbacks as morphisms. For a 
vector of integers m = (mi, . . . , m n ) define also the category of all towers with dimension vector 
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m as follows. 

:= |J 19% 

h=(hi,...,h n ),deg hi=mi 

Notation 2.8. Given a tower as in (I2.7.al) . we use the short notations X_ or (Xj, /j) for it. 

Proposition 2.9. Le? VJt n denote the moduli stack of all stable varieties of dimension n, and iln 
the universal family over it. Then, 

{2.9 a) 1QJt (mi ,..., mn) = Hom Smi (&m , ^ ^ x M mi ) 

and hence by induction on n, it is a DM-stack locally of finite type. 

Proof. Define the dimension vectors m := (mi, . . . , m n ) and m' := (m 2 , . . . , m n ). There is a 
forgetful map ix : TQJtm — > Wl mi remembering only X\ of a tower in d2.7.al) . We prove (|2.9.al) , 
by showing an isomorphism over 59T mi , using 7r as the structure map on the left and the natural 
projection on the right. So, fix [X\ — > B] G 9Jt mi . Given an element of I e 159?™ over 
[X\ — > B], that is, a stable family as in (I2.7.al) containing Xi — > B as the first map, yields a 
tower of stable varieties over X\ with dimension vector m' by forgetting B. Hence, X_ defines a 
morphism ux_ '■ X\ — > TOJtm'- Furthermore, since TDJlm' represents the moduli problem of towers 
with dimension vector m', automorphisms of X_ over [X\ B] and automorphisms of vx_ also 
match up. Hence we obtain the following string of isomorphisms of groupoids. 

(2.9.b) %mj\X x -> B]) = Hom(Xi,T9H m /) ^ Horn b(Xi, x B) 

= Hom B ((iU 1 ) B ,3:^ x 5) = dcf Hom^J^^TDJt^ x %)([Xi -> B]), 

where 

• Horn means the groupoid of functors over the base space 

• Horn is the Hom-stack HOls06H and 

• putting ([X\ — > B}) after a category means the fiber over [X x — > B). 
The isomorphisms of ( |2.9.b|) are all natural with respect to Cartesian maps 



B' *B. 

Hence, ( |4.13.b|) really yields an isomorphism as in ( |2.9.ab over 27t mi . 

We prove the DM-stack statement by induction on n. For n — 1, TDJtm = Tl mi . Hence, it is 
a DM-stack locally of finite type over k. For n > 1, we proceed by induction. By inductional 
hypothesis TSUtm' is a DM-stack locally of finite type over k. Hence by (I2.9.al) . it is enough to 
show that Hom CT (j£, 2)) is a DM-stack locally of finite type over k whenever 9Jt, X and 2) are 
DM-stacks locally of Ante type over k and X is proper, flat and representable over 9JT. This is 
shown in HOls06[ Theorem 1.1], when SOT is an algebraic space. To deduce it for a DM-stack Wl, 
one replaces 971 with one of its etale atlases. This finishes our proof. □ 
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2.B. Adjunction 

Having defined the moduli spaces of Theorem 1 1.21 the last goal of Section |2] is to define the mor- 
phism F : TSfJtm — > 9Jt m of Theorem 1 1.21 Roughly speaking F forgets the middle level of a tower 
of stable varieties as in (I2.7.al) . Hence we need to show that the composite morphism of (I2.7.al) is 
a family of stable varieties, i.e., a the total space of a family of stable varieties over a stable variety 
is a stable variety as well. In particular this involves showing that the total space of a family of sic 
varieties over an sic base is sic. The technical tool for this is inversion of adjunction, which relates 
the singularities of a divisor to the singularities of the total space close to the divisor. Unfortu- 
nately, we are not aware of a good reference of inversion of adjunction for reducible total spaces. 
Hence in this section first we obtain a special case of inversion of adjunction for reducible total 
spaces, then we prove that a family of sic varieties over an sic variety has sic total space. 

For inductional reasons we need to use at certain places sic pairs, not only varieties. Further- 
more, we even have to allow non-effective boundaries. The definition is as follows. 

Definition 2.10. Let X be a demi-normal scheme and ir : (X, D) — > X its normalization. Let A 
be a Q-Weil divisor on X, which avoids the codimension one singular point of X. In this situation 
A is Q-Cartier in codimension one, and then A := n*A is defined as the unique extension of 
the pullback over the Q-Cartier locus of A. Furthermore, the pair (X, A) is defined to be sic, if 
Kx + A is Q-Cartier and (X, D + A) is log canonical (see HKoll2[ Definition-Lemma 5.10], and 
note that it works for non-effective A as well). 

Lemma 2.11. Let X be a demi-normal scheme, D its conductor divisor, S a reduced Cartier 
divisor with normalization S n — > S and A > a Q-divisor such that no two of D, S and A have 
common components and Kx + S + A is Q-Cartier. In this case, (X, S + A) is sic near S if and 
onlyif(S n ,DiE S n(A)) is lc 

Proof. Let % : (X, D) — > X be the normalization (i.e., D is the conductor) of X, S := Tr*^ and 
A := ir* A. First, we claim that 

(2.1 l.a) (X, S + A) is sic near S (X, D + S + A) is lc near S. 

Assume first that there is an open set S C U C X. Then by HKoll2[ Definition-Lemma 5.10], 
(U, S + A\u) is sic if and only if (7r~ 1 (f/), D + S + A\ w -inn) is lc (note also that in this situation 
S C 7T" 1 (£/)). This shows the forward direction of (12.1 l.al) . The only reason why it does not 
prove the backwards direction immediately is that if there is an open set S C V C X, such that 
(V, D + S + A) is lc, V does not have to be of the form 7r _1 (f/). Furthermore, a priori it could 
happen that it does not contain any open sets of the form t -1 (£/). However, the Cartier assumption 
on S prohibits this from happening, since then n*S contains only entire fibers of tx. This finishes 
the proof of (12.1 l.al) . 

Let S — > S be the normalization of S. Then there is a natural morphism <p : S — > S n induced 
by S — > S. The map <\> is quasi-finite, proper and birational over every component of S n . Hence, 
it is finite HGro66l Theoreme 8.11.1] and then isomorphism by the universal property of integral 
closure applied to G S n Q 4>*^ n - In particular, we may identify S with S n . We denote both by 
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S n from now. The situation is summarized in the following commutative diagram. 

(2 lib) S n normalization — r closed embedding — 



generic isomorphism 



normalization 



X 



normalization" 

closed embedding 

By HKoll2[ (5.7.3)], if we choose K x and compatibly, 

(2.1 l.c) k*Kx = + D (here n* denotes the same as for A earlier in the proof), and 

n*(K x + S + A) =Kx + D + S + A. 

However, then 

(2.11.d) K x + S + A\ sn =7r*{K x + S + A)\ S n = Kx + D + S + A\ S «, 

where all restrictions mean the natural restriction as Q-Cartier Q-divisors. There is a dense smooth 
open set [/CI, over which both X and S n are smooth. Over U, there are well-defined Poincare 
residue maps 

& Su ■ u x (S)\u ->■ u S n\u, and ^ _ : uhg(S)\ v -i v -> usA^u- 

Denote the unique extensions to maps co x (S) — > cus^ and (^x(S) — > 0Js n by and respec- 
tively. Denote also by and the induced homomorphisms on sections. These latter maps 
then descend to maps between linear systems, which we also denote by &s an d respectively. 
Then, 

DifV (A) = K x + S + A\ S n - @> S {K X + S) 

V v ' 

by definition 

( 2 - 1Le ) = K T + D + S + A| S n - &s( K x + S) =Diff 5 n(D + A) 

" — ; — : v ' s ^— — ' 

first term is t2.11.dt . and the second term follows by identifying U by definition 

and 7T _1 (7 from i2.1 Let 

The last ingredient is HKaw07[ Theorem], stating that 

(2. Hi) (S n , DiS S n(D + A)) is lc & (X, D + S + A) is lc near S. 

Combining (12.1 l.al) , (12.1 1 .el) and ( 12.1 l.fl) yields the statement of the lemma. □ 

Corollary 2.12. Let both X and the effective, Cartier divisor S C X be demi-normal schemes. 
Furthermore, let A > a Q-divisor on X, which avoids the codimension points of S, and the 
singular codimension 1 points of X and S. Assume also that K x + S + A is Q-Cartier. Then 

(S, Diff<j(A)) is sic &(X,S + A) is sic near S. 

Proof. Let r : (S n , E) ->■ S be the normalization of S. Similarly to (12. 11 .el) , using HKoll2[ 
(5.7.2)], one can show that 

(2.12.a) Di&V(A) = r* Diff s (A) + E. 
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That is, the following diagram of implications conclude our proof. 



(S,Diff s (A)) is sic < 



IKoll2l Definition-Lemma 5.10] 



>(S n ,£ + r*Diff s (A))is lc 



)2.12.a) 



(X, S + A) is lc near S < 



Lemma|2TT] 



>(S n ,DiS Sn (A)) 



□ 



Finally, the next lemma shows that the total space of a family of sic schemes over sic schemes 
is sic. We need to add also a divisor to the base, so that the induction goes through. I.e., so that 
Corollary 12.121 can be applied. Notice also that A in the statement does not have to be effective. 

Lemma 2.13. If f : X — > Y is a fiat family of sic schemes (satisfying Kolldr's condition) over an 
sic pair (Y, A), then (X, /* A) is also sic. 

Proof. Step 1: X is demi-normal. X is S2 by HPS121 Lemma 4.2]. Furthermore, every codimension 
one point x E X is either a smooth point of a fiber over a smooth point or a nodal point of a fiber 
over a smooth point or a smooth point of a fiber over a nodal point. In either case a; is a nodal 
point. 

Step 2: K x is Q-Cartier. The sheaf u x is S 2 by HKM981 Corollary 5.69]. Also co x = ux/y ®u y 
over the Gorenstein locus, and hence in codimension one. So, by HHar94[ Theorem 1.12], co x — wx/y[®]wy 
globally on X. However, by definition of a stable variety and by a basic property of a stable family 
there is an N > 0, such that both u)%) Y and Uy are line bundles. Therefore, u x = w^ y [<g)]u;y 
is also a line bundle. Hence K x is Q-Cartier. 

Step 3: the discrepancies are at least — 1. We prove this by induction on d := dim Y. For d — 0, 
X coincides with its only fiber, hence all the statements are immediate. So, it is enough to show 
the inductional step. 

Step 3. a: the inductional step, when (Y, supp A) is log-smooth. First, we show the induc- 
tional step when Y is smooth and supp A has simple normal crossings. It is enough to prove that 
(X, /*A) is sic near every point x E X. So fix x E X and let y := f(x). So, fix a y E Y. 
Let A = Y^i=i a « / ^«' where A, are distinct prime divisors, and aj ^ 0. Since increasing Oj does 
not decrease the discrepancies, we may assume that aj = 1 for every i. Furthermore, since we 
work locally around x we may also assume that y E Aj for all i. Then since adding more divisors 
does not decrease the discrepancies, by possibly further restricting around x, we may also assume 
that r = d. That is, there are d components of A meeting in normal crossings at y. Define then 
A' := /*(A - Ai), and S :— f*A\. By the inductional hypothesis, (S, A'\ s ) is sic. Then we may 
apply Corollary 12. 121 to (X, S + A') to obtain that so is (X, /* Delta). This finishes the proof of 
step 3. a. 

Step 3.b: when (Y, A) is log canonical. Take a crepant log-resolution r : (Y', A') — > (Y, A). 
Note that then (Y', A') is log canonical and (Y', supp A') is log-smooth. Let X' := X x Y Y', 
f '■= f x y y' and t' := r x y X. By the previous point (X', (/')*A') is sic. Consider then 
the following stream of equalities, where we assume a compatible choice of canonical and realtive 
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canonical divisors. 

K' x + (/')*A' = K x , /Y , + {fr{Ky, + A') 

= (r')*K x/Y + (fr(r*K Y + A) 
= (rr(K x/Y + r(K Y + A)) 
= (r'Y(K x + /* A) 

This shows that (X, /*A) is sic as well, using HKM981 Lemma 2.30] and HKoll21 Definition- 
Lemma 5.10]. 

Step 3.c: when (Y, A) is sic. Let 7r : (Y, D) — > Y be the normalization of Y. Define 
X := X x Y Y, E := X x Y D, A := tt*A, J := / x Y Y and tt' := tt x y X. Then by the 
previous point, (X, f (D + A)) is sic. Let p : (X', F) — y X be then the normalization of X. Note 
that 7r' o p is also a normalization of X with (pulled-back) conductor divisor F + Then the 
following holds using HKoll2[ Definition-Lemma 5.10] twice. 

(Jf , /* A) is sic 
(X, F + p*E + (tt' o p)*/*A) is lc 
(X,E + (n')*f*A) is sic 

However, we know that (X, E + (n')*f*A) is sic by Step 3.b. This finishes our proof. □ 
2.C. Definition of F 

This section contains the definition of the the morphism F of Theorem 11.21 using Lemma 12.131 
from Section [231 As usually we have to start with some auxiliary statements. 

Lemma 2.14. Let f : — y <3/ and g : & —> f^beflatmorphismsofnoetherianDM-stacks, and 
& and £f coherent sheaves on and W , respectively. Further assume that 2£ and & are flat 
and relatively Sd over & and iF, respectively. Then & ® /*Sf is flat and relatively Sd over 

Proof. First note that by passing to etale atlases we may assume that all stacks are schemes. Sec- 
ond, we show that & <8> f*& is flat over £¥. Consider an embedding J? — > . Then by flatness 
of over 3?, <$ ® g*J^ — > ®g*Gz = ^ is an injection. However, then by flatness of & over W 
the following map is injective as well, which concludes flatness by HHar771 Proposition 9.1A.a]. 

® p&) <g> pg*j = f*(& ® g*y) ->■ & ® py = (J? <g> p&) ® f*g*0 z 

Finally apply HPS 121 Lemma 4.2] to obtain the statement about the relative Sd property. 

□ 

Lemma 2.15. Given a tower of stable varieties as in (12.7.al) . 6 Xi and <^o x n \ x . 1 are flat and rela- 
tively S 2 over Xj for every < j < i < n, m G Z. 

Proof. The statement is immediate for @ x . using Lemma [2. 141 For d™\ x , i first we show the 
statement for j = i — 1. Since /, is a family of stable varieties, flatness follows from Definition 
12.51 It also follows from Definition 12.51 that ^x\x--i l F ~ ^ or ever y fiber F of f. However, 
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since F is S 2 and G\, the reflexive hull u 1 ^ is S 2 as well !IHar94[ Theorem 1.9]. This concludes 
the statement for j — i — 1. For j < i — 1, use Lemma [2 .141 □ 

Lemma 2.16. Gzven a tower o/ stable varieties as in (I2.7.al) . z/ /jj are z/ze natural morphisms 
X{ — > Xj, then for every m G Z anJ 1 < z < n, 

i 

X~X f * [m] ^ [m] 

Furthermore, &x \ B i s fl at an d relatively S 2 over B 

Proof. By Lemma l2.15l and the iterated use of Lemma l2.14l i fij^x /x- i * s ^ at an( * re l a tively 

S2 over B. Furthermore these sheaves are isomorphic to oJ^/b m re lati ve codimension one. Hence, 
HHK04[ Proposition 3.6], concludes our proof. □ 

Lemma 2.17. Gz'verc a family X — >■ B of stable varieties, ux/b is nef (as a Q-line bundle). 



Proof. By [ |Fujl2[ , f*w X /B is a nef vector bundle for big and divisible enough m. Since ux/b is 
relatively ample, cox/b is a relatively globally generated line bundle for big and divisible enough 
m. Choose then an m, for which both hold. Then there is a surjection f* f*oJ$ B — > ^x/b fr° m a 
nef vector bundle. Therefore, o^x/b anc ^ nence ^x/b is nef. □ 
Lemma 2.18. Given a tower of stable varieties as in (|2.7.al) , / is a family of stable varieties. 

Proof. By the iterated use of Lemma l2.13[ the fibers of / are sic schemes. Clearly they are proper, 
connected and equidimensional as well. Next we prove by induction that ujx z /b is a relatively 
ample Q-line bundle. Indeed, for i = 1 it follows from the definition of a family of stable varieties. 
For the inductional step, notice that by Lemma 12.161 C0Xi/B — <8> ^Xi/x^- By the 

inductional hypothesis Ux^/b is relatively ample over B, and coxi/x^ is nef and relatively ample 
over Xj_x. Then it follows that ui Xi /B is relatively ample as well. In particular so is cox/b, which 
implies that the fibers of / are stable varieties. 

Finally we have to prove that oj^x/b * s ^ at an ^ compatible with arbitrary base-change. By HHK041 

Proposition 3.6 and Corollary 3.8] this follows as soon as show that u) x ^j B is flat and relatively S 2 . 
However, that follows from Lemma 12.161 □ 

Definition 2.19. Let n = (mi, . . . , m n ) be a dimension vector and set m := Y^=i m «- Define 
then F : X9Jtm — > S0T m to be the functor that takes a tower of stable varieties as in (I2.7.al) to the 
family of stable varieties / : X — >■ B. This latter family is indeed a family of stable varieties by 
Lemma l2.18l The action of F on the arrows is the natural one. 

3. Deformation theory of zwi h 

3. A. Basic definitions 

The main technical difficulty about the deformation theory of is that by Definition 12 .5 1 not all 
families with stable fibers are allowed in the pseudo-functor of Wl h . The allowed deformations are 
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sometimes called Q-Gorenstein deformations in the literature. Another, equivalent approach is to 
define the index-one covering stack 3£ of a stable variety X and identify the deformation theory 
of X in Tlh by the (unconstrained) deformation theory of X HAH11[| . We implement an analolgue 
of the latter approach for towers of stable varieties. First let us recall the necessary definitions and 
facts from HAHllH . We state the definitions of HAH11H only in the special case when polarization 
is given by the canonical sheaf, and we also adopt them slightly to this situation. 

Definition 3.1. A DM-stack X is cyclotomic, if all its stabilizers are isomorphic to a cyclotomic 
group. A line bundle Jzf on a DM-stack X is called uniformizing, if Spec^ (© me z=^ m ) * s 
representable (by an algebraic space). If X — > SS is a morphism of DM-stacks, then J£ is called 
uniformizing over g$ or relatively uniformizing, if the morphism Spec x (© me z =2 5m ) — )■ ^ is 
representable (by algebraic spaces). A stable stack is a cyclotomic DM-stack 2t , such that 

• X is connected and has sic. singularities (in particular it is of finite type over k, S 2 , 
reduced, nodal in codimension one and equidimensional), 

• 3£ is separated, 

• U)% is a uniformizing, ample line bundle on 3£ and 

• the coarse moduli map n : X — > X is isomorphism in codimension one. 

A family of stable stacks is a flat morphism X — > SB of DM-stacks, such that, all 3£\, are stable 
stacks (where b is a /c-point of and iag is a uniformizing line bundle for X over SS. 

Definition 3.2. If X — > B is a family of stable varieties, then the index-one covering stack is 
defined as 

X := 

Theorem 3.3. HAHlll Theorem 5.3.6] The category Wl n of Notation \2.6\ is equivalent to the cat- 
egory &tab n of families of stable stacks over k of dimension n. The isomorphism is given by the 
above functors 

X 

and 

&iab n (B) 

Definition 3.4. If X is a stable variety X, then the deformation functor of X in 9Jl h is denoted 
by T)efQ(X). That is, DefQ(X) assigns to a local Artinian ring A the set of families of stable 
varieties over Spec A that restrict to X over the closed point of Spec A. This agrees with the set 
of flat deformations of the scheme X obeying Kollar's condition form Definition 12.51 By Theorem 
13.31 it also agrees with the set of flat deformations of the index-one cover X of X, or shortly 
Defq^X) = 'Def(X). Notice that here we used the fact that a flat deformation of a stable stacks 
over a local Artinian ring is automatically a family of stable stacks. Indeed, the representability 
condition in Definition ^. H is decided at geometric points by HAV021 Lemma 4.4.3]. 



Spec x 




&tab n {B) 



i — > 



Spec x meZ w 



X/B 



t— > the coarse moduli space X of X . 
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The goal of Section [3] is to prove an analogue of Theorem 13.31 for towers of stable varieties. 
The stack side will be some special towers of stable stacks. The precise definitions are given in 
Definition 13 .51 

Definition 3.5. A tower of stable stacks = /;) is a commutative diagram 



rt c „\ ay ay Tn-i n ^ ji ay _ tj 

\D.J.<X) <-£"n—l ■ ■ ■ tX-1 eJC-O — ^ i 

where all are families of stable stacks. The coarse tower of a tower of stable stacks as in (I3.5.al) 
is the tower formed by the coarse moduli spaces Xi of 3£i, shown in the following commutative 
diagram. 



(3.5.b) 




A tower of stable stacks as in (|3.5.al) , is admissible, if for all sufficiently big and divisible m, the 
sheaves (7r i _ 1 )*(/i)*a;^. are locally free, where 7Tj_i are the morphisms of (I3.5.bl) . 

So, the main goal of the seciton is to prove an analogue of Theorem 13 .31 for towers. Similarly 
to Theorem 13.31 we obtain a tower of schemes from a tower of stable stacks by taking coarse 
moduli spaces as in (I3.5.bl) . To guarantee that this tower of schemes is a tower of stable vari- 
eties, we need the admissibility condition of Definition (13.51) . Loosely speaking it guarantees that 

Proj x . _ x (^B m>0 (fi)*u™ :i / , which is in certain sense a relative coarse moduli space of 3&i 

over SCi-\, is the pullback of Xi via — > X^. See the proof of Lemma [3T31 and Remark 
l3T4l for details. 

Similarly when passing form a tower of stable varieties (Xi, fi) to a tower of stable stacks 
(3£i, ji), we cannot simply take 3£i to be the index-one covering stack of Xi, since then fi would 
not be a family of stable stacks. What we can do is the following. 

Definition 3.6. Given a tower of stable varieties X_ as in (I2.7.al) . define the index-one cover of X_ 
as the tower of stable stacks = (3£i,fi), where SEi is defined by induction on i as 




Spec 



x, 
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and fi are the natural morphism 3C{ — > <%i-±. This definition does make sense according to Lemma 

eh 

3 . B . Auxiliary statements 

To prove the tower version of Theorem [33] we need a few shorter technical statements. 

Lemma 3.7. Let ^ be a separated Deligne-Mumford stack over the scheme U and & a flat 
coherent sheaf on 3£ . Denote by n : 3£ — > X the coarse moduli map. Then 

(1) tx*^ is flat and 

(2) if & is also relatively S r with relatively pure dimensional support so is tt^. 

Proof. We prove the two statements at once. By HAV021 Lemma 2.2.3], we may assume that S£ 
is a quotient stack [V/G] for some finite group G, and X is the scheme theoretic quotient V/G. 
Let p : V — > [V/G] be the natural map. Then, by the characteristic zero assumption, the usual 
trace map p*6y @x splits the natural inclusion G x — > p*<ff v . Since p : V — > [V/G] is etale, 
p* & is flat (resp. flat and relatively S r ) over U . Hence by the finiteness of 7r o p, ir^p^p*^ is flat 
over U (resp. by the base-change property of pushforward via a finite morphism and by IIKM981 
Proposition 5.4], ir^p^p*^ is flat and relatively S r over U) as well. Furthermore by the above 
mentioned trace splitting, p*p*J£" contains & as a direct summand. Hence, n*p*p*^ contains 
7r*J£" as a direct summand and then consequently the latter is flat (resp. flat and relatively S r ) as 
well. □ 

Lemma 3.8. Given a tower of stable stacks as in (|3.5.a| ), and 1 are flat and relatively 

S2 over i£} for every < j < i < n, m G Z. 

Proof. The statement is immediate for using Lemma [2 .141 and then also for the other sheaves, 
since ^ are locally free. □ 

Lemma 3.9. Let 2£_ be a tower of stable stacks as in (I3.5.al) over the spectrum of a local Artinian 
ring A. Let P be the closed point ofB = Spec A. If the restriction ' P of 3^ over P is admissible, 
then 2£_ is admissible as well. 

Proof. We use the notations of (I3.5.bl) during the proof. First, we claim that for m ^> 0, the 
formulation of (^i-i)*(fi)*^^ i / Xi _ l is compatible with base change, that is, for every B' — > B, 

(3-9.a) (fa-iM/O^Wi)*, - (fa-i)*0.((/i)i*0.(^^i)& 

Since cu$;./$;._ 1 is a fi-amp\e line bundle, for all m ^> 0, its higher cohomologies on the fibers of 
fi vanish. In particular, then by cohomology and base change 

and ( 1 is locally free. Furthermore by HAV021 Lemma 2.2.3], (7Tj_i)* commutes with 
base change for any sheaf. This concludes the proof of (I3.9.al) . Fix for the remainder of the proof 
an m for which (I3.9.al) holds and is divisible enough. 
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Notice now that by HAHlll Lemma 2.3.6], {^i-\)p : (=^_i)p — > (Xj_i)p is the coarse 
moduli map of (^_i)p. Therefore, by (13 .9.ab and by the assumption that 3£ P is admissible, 

(7Ti-i)*(/t)*w^/ <S g-._ i is a locally free sheaf. Furthermore, since is locally 

free, it is flat over B. Hence by Lemma 13.7111 (7Ti-i)*(/i)*^^- i /^r i _ 1 is flat over B. Therefore, 

(7ri-i)*(/i)*^5'/5 1 is a flat deformation of a locally free sheaf, which is locally free by HHarlOl 
Exercise 7.1]. This finishes our proof. □ 

Lemma 3.10. Let f : ^ ^ be a proper morphism of separated DM-stacks and Jz? an f -ample 
line bundle. Define := Proj^ (©„>o f*(-^ n )) an d let p : ^ — > be the natural morphism. 
Then p*G % = Furthermore, if f was fiat, so is ^ over & ' . 

Proof. Since the question is etale local on W , we may assume that Y := is a scheme. Let then 
71 : 3C — > Z be the coarse moduli map of S£ and g : Z — > Y the natural induced morphism. It is 
enough to show that 3? = Z, compatibly with p and tt. 

Since 3C is a DM- stack, there is an integer m > 0, and a line bundle on Z, such that 
7r*J^ = «5f m . Then, ir*J^ n = j£ n m for every m and is also relatively ample over Y . There- 
fore, the following computation concludes our proof. 



Z = Proj y (©*(.*»)) = Proj y ( 0^(^ 

\n>0 / \n>0 



projection formula and the fact that since 
n is a coarse moduli map, ir t = Gz 



Projy ( MX™) = Proj y /,(jgf») = 2? 

,n>0 / \n>0 / 

□ 



3 .C. Equivalences of deformation functors 

Here we show the promised tower version of Theorem [33] 

Lemma 3.11. If = f) is the index-one cover of a tower X_ = (Xj, /j) of stable varieties, 
then the natural morphisms 7Tj : — > Xi are coarse moduli morphisms. 

Proof. We prove that 7Tj : SCi — V Xi are coarse moduli morphisms by induction on i. For i = it 
is obvious. Then, since %i is proper, we have to show that it is quasi-finite and {ixr^G %\ = G Xi - 
First, let us introduce some notation in the following commutative diagram. 
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By induction ir^i is quasi-finite. Second, by HAHlll Theorem 5.3.6], r] is a coarse moduli map 
of a DM-stack, hence it is also quasi-finite. So, it follows that tt,i is quasi-finite. For the other 
condition, notice that r]*&x! — @Xi, since 77 is a coarse moduli morphism. Furthermore, by flat 
base-change, 



7Ti_i is a coarse 
moduli map 

Hence {jXi)^ ,%\ — &Xi and 7Tj is a coarse moduli morphism indeed. □ 

Lemma 3.12. The index-one cover o/a tower X_ of stable varieties defined in Definition ^. 6\ is 
indeed a tower of stable stacks. Furthermore, it is admissible. 

Proof. By HAHlll Theorem 5.3.6], Spec x . ^© me z^^/Xj_i) * s a f am ily °f stable stacks 

over Furthermore, the notion of a family of stable stacks is invariant under base-change, 

hence 5&i — > is also a family of stable stacks. This finishes the proof of the statement that 
2£ is a tower of stable stacks. 

To prove admissibility, first note that the induced morphisms m : — > Xi are coarse moduli 
maps, and therefore X_ is the coarse moduli tower of Second, note also that by Lemma [3T8l 
^J./jr._ 1 is flat and relatively S 2 over B. Hence, by Lemma [3.7121 (^♦(^rj^J is flat and 

relatively S 2 over B as well. Furthermore, it is isomorphic in relative codimension 1 to uj^ n \ x , 
which is also flat and relatively S 2 over B according to Lemma [2T5l So, these two sheaves are 
isomorphic globally by HHK041 Corollary 3.8]. That is, 

which is locally free for all divisible enough m 3> 0. This concludes our proof. □ 

Lemma 3.13. The coarse tower X_ as in (I3.5.bl) of an admissible tower of stable stacks is a 
tower of stable varieties. 

Proof. We need to show that /j : Xi — > are families of stable varieties. Fix an i. First, we 
claim that for big and divisible enough m, 

(3-13-a) = (/i)^Wi- 

Indeed, the shaves (/i)*^^-./^;^ are locally free for all m ^> 0. Choose an m for which this holds 

and also { / ^i-i)*(fi)*(^'^-./x i _ 1 1S locally free. Then, (7r i _i)*(7r i _i)*(/ i )*a;^-. / <r ._ i is locally free as 
well, and in particular it is flat and relatively S 2 over B. Furthermore, since n^i is isomorphism in 
relative codimension one over B, this sheaf is isomorphic to ( ji)*^jr. /^r- x m relative codimension 
one. Therefore by the stack version of HHK041 Corollary 3.8] we obtain (T3.13.al ). This finishes the 
proof of our claim. 
Define then 

Z^Proj^ [®Wi-Mfi)^/^A andX^Proj^ 0(/i)^ 

\m>0 / \m>0 
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Notice that by d3.13.ab . X[ = X { x Xl ^ Let p : 5% -»■ X[, £ : X? -»■ X i5 # : X t X;_i 

and // : X[ — > i£j_i be the associated morphisms. By Lemma |3.10[ p^&Xi — @x'.> an d both g { 
and fl are flat. Since 7Ti_i is a coarse moduli map, (7Tj_i)*^ > jQ_ 1 = Gxi-\- Hence by flat base 
change, £*&x', — Therefore, (£ o p)*& a: % = & x .. Furthermore, £ o p is proper. Whence, £ op 
is a coarse moduli map, c.f. HAV021 Lemma 2.2.2]. So, X { = X,- L and via this isomorphism g % = f { 
and £ o p = 7Tj. 

Choose now a scheme Z that maps finitely and surjectively to Define then := X^x^:. _ 1 Z 

and & := 2£{ x^_ 2 Z. This yields the following Cartesian diagram, the horizontal fibers being 
finite morphisms. 



Hence, 



'w 



a and f) are finite, so 
base change applies 

Also, since p was proper, so is 77. Hence, 77 is a coarse moduli map, c.f. HAV021 Lemma 2.2.2]. In 
particular then by [|AH11[ Theorem 5.3.6], W — > Z is a stable family. 

Notice now, that W — > Z is the pullback of Xj — > via the composition map Z — >■ — > X-i> 
which is finite and surjective. So, in particular all fibers of Xj — > X_i appear in W — > Z, and 
hence all fibers of X — > Xj_i are stable. Therefore, we are left to show that oj^/x- 1 * s ^ at an( * 
commutes with arbitrary base change. By HKol08[ Corollary 25] there is a locally closed decompo- 
sition \JjXf_! = Xi-u such that if T — > X_i, T/T commutes with base change and is flat 

over T for arbitrary m E Z if and only if T — > Xj factorizes through X(_ x for some j. However 
T := Z is one such choice of T, with the above already discussed composition Z — > Xj_i. Hence 
the image of Z — > Xj_i has to be contained in some of X\_ x . However, since Z — > Xj_i is finite, 
its image is Xj_i . Therefore, X\_ x = Xj_i for some j, and then consequently, i is flat over 

Xj_i and commutes with arbitrary base-change. □ 

Remark 3.14. Note that the proof of Lemma [3.131 yields also that if is an admissible tower 
of stable stacks, then the coarse tower X can be described using the notations of (I3.5.bl) as 



X.-Proj^ (©(TTi-i),^ 

\m>0 



m 



Furthermore, similarly X- := Xj x Xi _ 1 can be described as 



and if p : J£j — > X[ is the natural morphism then p*& %\ — In particular, p becomes a coarse 
moduli map after pulling back via any finite or etale cover of Sj_i. 
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The following theorem is the promised tower version of Theorem l3.3l The previous two lemmas 
guarantee that the two functors in the statement do make sense. 

Theorem 3.15. There is an equivalence of the category %Wl m of towers of stable varieties of 
dimension vector m introduced in Definition \2.7\ and of the category of towers of stable stacks 
Toroetm with the same dimension vector given by the above functors 



(3.15.a) 



and 



(3.15.b) 



X_ = (Xi, fi) h-> = (3%, fi) = the index-one cover ofX_, 



££_ = f) i — y X_ — (X iy f) = the coarse tower of S£ . 



Remark 3.16. A priori, Xoroetm is a 2-category. However, given an arrow 2f_ — > between 
tower of stable stacks as in (I3.5.al) . by HAV021 Lemma 4.2.3], 3£i — > 3£( do not have non-trivial 
2-automorphisms. Hence, Toroetm is indeed equivalent to a 1-category. 

Proof of Theorem \3 . 1 5\ "Step 1: (13 . 1 5.a|) applied first and then (|3.15.b|) " is naturally isomorphic 
to identity. We have to show that the coarse moduli space of defined in (|3.15.a|) , is Xj. How- 
ever, this has already been shown in lemma [3TTT1 

Step 2: " (I3.15.bl) applied first and then (13. 15.al) " is naturally isomorphic to identity. Given an 
admissible tower of stable stacks 3£ , if Xi is the coarse moduli space of SCi as in (I3.15.bl) . we are 
supposed to prove that 




Throughout the proof of this step, we use the notations of Remark 13.141 complemented with the 
following notations for the induced natural morphisms: f[ : X[ — > and £ : X[ — > X { . 

First, note that for any m, — P^Si/xi-j • Indeed, both sheaves are flat and relatively S 2 

over 3£i-\\ the former because X[ — > is a stable family, and the latter because of Lemmas l3.8[ 
13.71 and Remark [3 .14[ Furthermore, the two sheaves are isomorphic in relative codimension one. 
Hence the stack version of HHK041 Proposition 3.6] yields the claimed isomorphism. Therefore, 



(3.16.a) 



Xi/Xi- 



Spec x , ©wg^ 



Spec x , /G„ 



vmeZ 
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Spec^. (0 



meZ 10 XijXi. 



We claim that g : P — >■ X- is representable and affine. 



Assume first, that we proved this. Then if h : P — > 3£i is the natural morphism, 



a line bundle 



XGChar(G m ) 



P — > X'j is representable and affine 



Therefore, using (I3.16.al) . our claim that g is representable and affine would finish the proof of 
Step 2. So in the remaining part we show that g is representable and affine indeed. First, we show 
that g is representable by algebraic spaces. Consider the following commutative diagram for any 
algebraically closed field k' and x E P(k'). 



Aut(g(x)) 



Aut(fi(g(x))) 



Aut(ar) 



Here the horizontal arrow is isomorphism, because ft is the pull-back of a morphism of schemes 
and the diagonal arrow is injective because of HAV021 Lemma 4.4.3] and the fact that P — > is 
representable by algebraic spaces according to Definition [3J] However, then the horizontal arrow 
has to be injective as well. So, using HAV021 Lemma 4.4.3] again, g is representable by algebraic 
spaces. Then by UStal Lemma 03WGJ, it is enough to prove that g is affine after pulling back the 
situation to an etale cover of X[. Hence we may assume that is a scheme and then so is X[. 
By Remark [3 .14[ X[ is then the coarse moduli space of Therefore, we may also assume that 
SCi is a quotient stack of an affine scheme U by a finite group G HAV021 Lemma 2.3.3.]. Then, X[ 
is the scheme quotient U/G and hence affine. However, in this situation U x Pisa line bundle 
over the affine scheme U, hence it is affine as well. Furthermore, [U x Pj G] = P. However, 
since P is an algebraic space, G acts freely on U x^ P. Therefore, the stack quotient \U x ^ P/G] 
agrees with the scheme quotient U x gr. Pj G. Hence U x%-. P/G = P and therefore P is an affine 
scheme as well. This concludes the proof of our claim. 

□ 



3 D. Conclusion 

Using Theorem 13 .151 we express explicitly what vanishing is needed to show Theorem 1 1 .21 The 
initial idea is that starting with a tower of stable varieties X_ = (X i: fa) over k with index-one 
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covering tower = use the following commutative diagram of deformation functors. 



t> t( car\ taking coarse moduli space rrs t rv\ 



forgetting 
lower levels 



forgetting 
lower levels 



®e/(.T n ) 



taking coarse moduli space 



By Theorem 13 .151 the top horizontal arrow is an equivalence. In this section (in Proposition 13 .201) 
we will also prove that the left vertical arrow is an equivalence. Then we would like to use Theorem 
!3.3l to say that the bottom horizontal arrow is an equivalence as well, and then so is the right vertical 
one, which would conclude the proof of Theorem 1 1.21 However, unfortunately Theorem 13 . 3 1 does 
not apply to the lower horizontal arrow, since 3£ n is not the index-one cover of X n . Hence we 
factor the bottom arrow as 



taking coarse moduli space 



taking coarse moduli space 



De 



where SC n is the index-one cover of X n and in the following proposition we show that the intro- 
duced new arrows are equivalences. 

Proposition 3.17. Given a tower of stable varieties X_ = (Xj, fa) over B = Spec k, let fj) 
be the index-one cover of X_ as in Theorem \3.15\ and 3>i the index-one cover of Xi as in Theorem 
\3.3\ Then there is a morphism 0j : ^ — > ^factoring 7Tj : ^ — > X it such that the following two 
natural functors of deformation spaces are equivalences 

Proof. For % = 1, JKi = 3Ci, hence the statement is trivial. So, let us assume that % > 1. 

Step 1: defining 0j. Let f i: j be the composition maps X { — > Xj. First, we prove by induction on 
i that 

(3.17.a) ^= [Spec^/GjJ, where ^ : = ((g) fcu 

(mi,...,m ! )eZ I \i=l 

Let 

Mi := (J) ^Xi/x^x- 
mez 
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Then, the following compuation shows (T3.17.al) . 



Sb = [(Spec Xi #i)/G ro ] x Xi _ t 

^ [(Spec Xi ^)/G m ] x Xi (X, x Xi _ x 

- [(Spec Xi ^)/G m ] x Xi [(Spec Xj /*^_ 1 )/G^ 1 ] 

- [(Spec Xi ^ x Xi Spec Xi ft^/GQ 

- [(Spec^^O/^O/G^ 
= [(Spec Xi ^)/Gy 



Furthermore by the grading of (|3.17.bL (I3.17.c| ) is equivariant with respect to the z-times multipli- 
cation map £j : G % m — >■ G. Quotienting then out with G m and G on the two sides of (T3.17.cl) yields 
the morphism 0j : ^ — >■ J^. 

Step 2: £>e/(^ -> ^) -»■ Def(%l) is an equivalence. We use HBHPS121 Proposition 3.9]. 
That is, we have to exhibit an open set U C such that 4>i \ u is an isomorphism, codim^ J%}\U > 3 
and depth ^1 _ > 3 for every geometric point point y e J%l\U. 

Consider now any (not necessarily closed) point x G X { . SetXj := fij(x),Cj := codim(x 3 -) a , j _ 1 £j 

and c := codim^ £. Note that ^j=i c j = c ' ma t i s me sum °f me codimensions of a^-'s in their 
fibers over is equal to the codimension of x. These numbers describe the behavior of x to 
a large extent. For example, assume that c < 3. Then at most one of cj can be bigger than 1, 
and hence at most one of the Xj is not relatively Gorenstein over Xj-\. Denote this j by j'. Then 
(fijOJXj/Xj-i) is free except possibly for j = j'. Let V be then the above locus, i.e., the locus 
of points x for which is free except for possibly one value of j. By the above 

discussion codim^. X { \ V > 4. Define then U := <fi^ l V. 

First, we have to prove that <p\u is an isomorphism. For that consider the following diagram. 



Furthermore by Lemma l2.16[ there is a (graded) embedding 




which induces a morphism 



(3.17.C) 




(3.17.d) 




Q := Spec x . ^ 

9 



%i = [Q/GU] = [R/G m ] 



<%l — [P/G m ] 
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It is enough to show that Clh-w is an isomorphism, for which it is enough to show that p is a 
Ker ^-torsor over p~ x V or equivalently that 

(3.17.e) s/i = J^liu I [ z i> Xi-u ^ 7 -i] • 

\m€Z / 

For that fix an arbitrary x E V. Let j' be an index such that (/j*jWXj/x,_i) is free for every 

j ^ j'. Then, the stalks (<^ l j=1 ffj^x-jx^i) are isomorphic as soon as m,y is fixed. This 
implies (I3.17.el) . 

Second, we have to prove that depth _ > 3 for every geometric point x G %l\U. So, fix 

any such x. Define Xj and Cj similarly as above: Xj := fi,j{x), where fj : 3£{ — > 3£j is the natural 
morphism, and Cj : = codim(^)_ i Xj. Then since x ^ U, there are at least two values of j, such 

that Cj > 2. Consequently for these values of j, depth ^( S ^)_ Wj > 2. However, then by the 
iterated use of HGro651 Proposition 6.3.1], <ff§.^ > 4. 

Step 3: Defi&i S^) ~^Qef( 3%) is an equivalence. We use HBHPS121 Proposition 3.10]. 
That is, we have to show that 3£{ has no infinitesimal automorphisms, (</>«) — and that 
R 1 {cf)i) if 0'x l — 0. The first condition is is shown in Lemma 13. 181 For the other two, consider 
again the diagram (I3.17.dl) . From the definition of P it follows that P is isomorphic to the scheme 
theoretic quotient Qj Ker^. Therefore, £ is a coarse moduli map. However, then 

C, is a coarse moduli map 

and 

R\4>i\G Xi ^ R\^\KG R g Bjjck h\0R = R\p o ()«0 R = R^p*£p = ^ 

h is affine ( is a coarse moduli map V ls affine 

and hence R£*ffji = 0p 

This concludes our proof. □ 

In the proof of the following lemma there is a forward reference to Theorem 15 .41 However, that 
does not cause any problem, since Sections |4] and [5] do not use anything from Section|3] 

Lemma 3.18. Given a tower of stable varieties X_ = (Xi, fi) over B = Spec k, let fi) be the 
index-one cover of X_ as in Theorem 13.751 and ^ the index-one cover of X-i as in Theorem \3.3\ 
Then neither nor Stfi has infinitesimal automorphisms. 

Proof. First, note that if : 2fi — > ^ is the morphism constructed in Proposition 13. 17[ then 0, 
factors the coarse moduli map 7Tj : 2fi — > X and by the proof of Proposition l3~TT7l (4>i)*& Xi — 

Therefore, it follows that the induced morphism ^ — > Xi is also a coarse moduli map. Further- 
more, since is isomorphism over the Gorenstein locus of Xi, so is the morphism 3Ei — > Xi. 
Hence, it is enough to prove that a DM-stack 3(f with a proper coarse moduli map 7r : J?T — y Xi 
isomorphism over the Gorenstein locus of X has no infinitesimal automorphisms. This will imply 
the statement for both 3£i and 3£i. 
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By Theorem I5.4[ Xi has no infinitesimal automorphism. To deduce, the same for 3£ , note 
that the map tx : 3ts — \ Xi is an isomorphism in codimension one. Hence, Ls/x* is supported 
in a closed set of codimension at least two. Therefore, Horn % i Xi , @x) = 0. Applying now 
Horner (_, 6%) to the usual exact sequence of cotangent complexes associated to n,i yields the exact 
sequence 

H01113- (Lay*., ^r) Hom^(L^, ^) Hom x (Lvr*L Xi , ^). 

We have just shown that the left term is zero. Furthermore, the right term, is zero as well, because 

Hom^ (L7r*L Xi , G x ) ^ Hom Xi (L Xi , Rk^ x ) = Rom Xi (h Xi , Xi ) = 



by adjunction it is a coarse moduli map Xi has no lrmmtesl - 

mal automorphisms 



This finishes our proof. 



□ 



Lemma 3.19. Let fi) be an admissible tower of stable stacks over an Artinian local algebra 
A over k such that for every 2 < i < n, 

Hom ( ^_ l)fe (fi ( ^_ l)fc , J R 1 ((/ i ) fc )*^( < r l) J = °- 
Let A' be a small extension of A and i n : ££ n aflat extension over A'. Then there is a unique 

(up to isomorphism) set of flat extensions Li : <^ 3£( and A' morphisms f[ : 3£( — » for 
which f[ o a = fi o Li-ifor every 1 <i <n. 

Proof. First, note that have no infinitesimal automorphisms by Lemma l3.18l Hence, HB HPS 121 
Proposition 3.10] implies the unique existence of f n and S^^_ x . Then using HB HPS 121 Proposition 
3.10] iteratively yields the statement of the lemma. □ 

Proposition 3.20. Let = (<%l, fi) be an admissible tower of stable stacks. Then, the nat- 
ural forgetful map 4> : De f QjT) — > Def(^ n ) is an equivalence if for every 2 < i < n, 

Hbm JBUl (n JBUlJ i2 1 (/ i ).^ i ) = 0. 

Proof. Denote by Artfc <; and Art k,i the category of Artinian local A;-algebras A, such that dim^ A < I 
or dimfc A = I, respectively. We prove by induction on /, that 0| Art fc < ; is an equivalence. The claim 
is vacuous for I = 1. Hence we may assume that it is known for I replaced by I — 1. Choose 
any A' E Art k j. We may find a A E Art^ such that A' is a small extension of A. Choose 
now any SC^ G Def(J%' n )(A'). We have to prove that there is a unique isomorphism class of 
Defies) mapping to 3£^. However, by our inductional hypothesis, this is known already for 
(3%) a £ Then, Lemma I3T91 concludes our proof. □ 

Proposition 3.21. The statement of Theorem UT2\ holds. i.e., the forgetful morphism F : %DJth — > %Rh' 
is etale, ifrlom Xi _ 1 (Q Xi _ 1 , R 1 (fi)*&s: i ) = for every admissible tower of stable stacks f) 
and 2 < % < n. 

Proof. Let X_ = (Xi, f) be a tower of stable varieties as in (|2.7.al) . and let = ( J^, f) be its 
index-one cover as in Definition l3.6l Further let SC n be the index-one cover of X n . We are supposed 
to prove that the right vertical arrow of the following commutative diagram is an equivalence. 
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However under the assumptions of the proposition all other arrows are equivalences, hence so is 
the right vertical arrow. 



taking coarse moduli space 



forgetting 
lower levels 



equivalence by Theorem 1 3 . 1 5 l and Lemma l3~9l 



2>e/ Q (20 



equivalence by 
Proposition 13.201 



forgetting 
lower levels 



Qef{SQ - qui * Ce " ge/(J n -> ©e/(^ modullsp ^ 




Proposition |3.17 



taking coarse moduli space 




□ 

4. Negativity of Hodge bundles 

Disregarding issues about passing to index-one covers, by Proposition 13 . 2 1 1 we need to show a 
vanishing of Homy(Oy, R^f^Gx) = for families of stable varieties / : X — >■ Y over stable 
bases. By HKK10H . -R 1 f*&x is known to be a vector bundle. Hence, our approach is to show in 
this section that R 1 f*&x is anti-nef, and then show in Section \5\ that Homy(Oy, S) = for every 
anti-nef vector bundle S . The main theorem of the section is as follows. 

Theorem 4.1. If f : X — > Y is aflat, projective family of connected, Du Bois schemes of pure 
dimension n, then R 1 f*ffx is an anti-nef or equivalently i? _1 /* w x/y zs a nef vector bundle. If 
furthermore the fibers of f are Sd for some n > d > 2, then R 1 f*&x is an anti-nef or equivalently 
R~* f*u X / Y is a nef vector bundle for every i < d. 

Since nefness is checked on curves, proving Theorem 14. II for Y a smooth curve turns out to be 
the main issue. This is shown in the following proposition, the proof of which is given in Section 

Proposition 4.2. If f : X — > Y is a flat, projective family of connected, Du Bois schemes of 
pure dimension n over a smooth, projective curve, then R 1 f*Gx is an anti-nef or equivalently 
R~ x f*cu x , Y is a nef vector bundle. If furthermore the fibers of f are Sdfor some n > d > 2, then 
R l f*&x is an anti-nef or equivalently R~ l f*u x / Y is a nef vector bundle for every i < d. 

The following lemma is also needed. 

Lemma 4.3. Iff : X — > Y is aflat, projective family with Du Bois fibers, then {R l f*&xY — R~ l f*^x 
is locally free and compatible with base change. 
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Proof. By HKK101 Theorem 7.8], R t f if G x is locally free and compatible with base change. Hence 
the following computation concludes our proof. 

R~ l f^x/Y = B7 i URXomx{0x, uj' x/y ) Rr x< Hom Y {Rf^ x , Y ) ^ 



Grothendieck duality Ri /„ ff x i s locally free, hence the ad- 

equate spectral squence degenerates 

□ 



Proof of Theorem \4J\ By Lemma H31 the statements on Rf^&x and R 1 u' x /y are equivalent 
indeed. By HKK101 Theorem 7.8], R % f*G x is combatible with arbitrary base-change. Furthermore, 
since nefness is decided on curves, we may assume that Y is a smooth curve. However, then using 
Lemma [4~3l again. Proposition 14.21 concludes our proof. □ 

Corollary 4.4. If f : X —> Y is a family of stable varieties, then R l f^ff x is an anti-nef and 
equivalently R" 1 f*w X /Y zs a ne f vec tor bundle. 

Proof. By HKK101 Theorem 1 .4] and by the definition of stable family, X is a flat, projective family 
of S2, Du Bois schemes of pure dimension n. Therefore, Theorem 14. 1 1 yields the statement of the 
corollary. □ 

Remark 4.5. One would be tempted to use directly the available semipositivity results for re- 
ducible fiber spaces [IFF 1211 . HKaw09ll to prove Theorem 14. 1[ However, the author does not see a 
way of doing it, due to certain assumptions on the strata and monodromies in HFF12II and HKaw09H . 
Instead, we use an injectivity theorem for simple normal crossing varieties by Fujino [ Fuj09[ Theo- 



rem 2.38], and combine it with a description of Du Bois singularities by Schwede HSch07l Theorem 
4.6]. 



The two main ingredients in proving Proposition 14.21 are the following. First, using the two 
restults mentioned in Remark [431 we show in Section |4~Bl the following theorem and corollary. 

Theorem 4.6. If X is a projective, Du Bois scheme, N > an integer, Jzf a line bundle on X, 
such that ^f N is globally generated and F a general effective divisor of^f N , then the natrual map 

(4.6.a) H i {X,uj x ®5?)^H i {X,uJ x ®^{F)) 

is injective. 

Corollary 4.7. Let / : X — >■ Y be aflat, projective Du Bois family over a smooth projective curve, 
yo 6 Y andN > such that \NX yo \ is base-point free. Thenforanyi, R 1 f if (u x ^ Y )<^)UY((N+l)y ) 
is generically globally generated. 

Second, in Section I4.Q we show the following decomposition result, in the spirit of the cele- 
brated article of Kollar HKol86H . 



Theorem 4.8. Let n > 1 and n > d > 2 be arbitrary integers and f : X — >■ Y a flat projective 
morphism with connected fibers, such that X is a reduced scheme of pure dimension n and Y a 
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smooth curve. Furthermore, assume either that X is Sd or that d = 2. Then 
(4.8.a) Rf*u>' x = R^ d Mu x ) © ( i?/,a£[-i] ) . 

4 . A . The proof of semi-positivity 

Here we prove Proposition 14. 21 assuming Corollary 14 .7 1 and Theorem 14 .81 which will be showed in 
Sections [4.BI and l4~Cl respectively. Since oj x , y i s me main object of Proposition |43] for fibrations 
X — > Y that are not necessarily Cohen-Macaulay, we need the following technical lemma. The 
most important consequence is stated in Lemma I4.101 a formula relating the relative and absolute 
dualizing complexes. It turns out that, at least over Gorenstein bases, nothing surprising happens. 

Lemma 4.9. If f : X — >■ Y is a flat, projective morphism between projective schemes, then for 
every W E D{X), 

Proof. For a projective morphism /, Neeman's HNee96M and Hartshorne's definition HHar66H of f 
agree, since both are right adjoint functors of Rf*. Hence we may use the results of HNee96H to 
prove the lemma. By HNee96[ Theorem 5.4], it is enough to show that f commutes with coprod- 
ucts. Fix an ample line bundle on X. By the discussion of HNee96[ Example 1.10] for every 
M E Z, {Jzf m [n]|m,n E Z, m > M} is a compact generating set for D(X). Fix M such that 
R\X y ^ m ) = Oforallm > Mandally e Y. Then for every m > M, Rf*(3f m [n]) is supported 
only in cohomological degree — n and furthermore with locally free cohomology sheaf according 
to HHar77l Theorem 12.11]. In particular, it is a compact object of D(Y) HNee96[ Example 1.10] (to 
be precise in HNee96[ Example 1.10], it is only stated that line bundles are compact, but verbatim 
the same proof works for a locally free sheaves, by replacing inverse with dual). Hence Rf*(^) 
is compact for every element & of the generating set {Jzf m [n]|m, n E Z, m > M} of D(X). 
Therefore, by HNee96[ Theorem 5.1] f commutes with coproduct, which finishes our proof. □ 

Lemma 4.10. If f : X — >■ Y is a flat projective morphism between projective schemes with 
Gorenstein base of pure dimension d, then 

u' x/Y ® f*u Y [d] = uj' x 

Proof. 

L0' x * fu'y fu Y [d] = fG Y ® f*U Y [d] U' x/Y ® f*Uy[d] 

Lemma l4!9l and flatness of / and uiy 

□ 

We need a third lemma as well about the behavior of relative dualizing complexes. However, 
for that some further notations is needed as well. 

Notation 4.11. For a morphism / : X — > Y of schemes, define 

Xy 1 := X x Y X x Y ■ ■ ■ x Y X . 

" v ' 

m times 
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and fy : X™ — > Y the base moronism. In most cases, when Y is obvious from the context, we 
omit Y from our notation. We denote then the i-th projection morphisms X m — > X by pj. 

Lemma 4.12. Using Notation \4.11\ if f : X — >• Y is a flat projective morphism of projective 
schemes, then 

L 

Proof. The statement is vacuous for m = 1. For m > 1 we prove by induction. By the inductional 
hypothesis 

(4.12a) u' xm - 1/Y = ®?=iLp>x/y, 

L 

where p i is the z-th projection X m ~ l — > X. Let q : X m — » X" 1 " 1 be the projection on the first 
m — 1 factors. Then the following computation concludes our proof. 




y- 



Lq* Lp* = Lp* and flat base change IHar66l Theorem 8.7.5] 

□ 

Having finished the lemmas about the relative dualizing complex, we need two other auxiliary 
lemmas used in the proof of Proposition [43] 

Lemma 4.13. If & is a vector bundle on a smooth curve Y and Jzf is a line bundle such that for 
every m > 0, S m {^) ® Jzf is generically globally generated, then & is nef. 

Proof. Take a finite cover r : Z — > Y by a smooth curve and a quotient line bundle $ of r*J^. 
Since S m (&) is generically globally generated, so is S m {r*&)®T*££ and hence <§ m ®T*^ 
as well. Therefore mdeg(<f) + deg(r*sL) > for all m > 0. In particular then deg(<f) > 0. 
Since this is true for arbitrary r and S,^ is nef indeed. □ 

Proof of Proposition \4. 21 If the fibers of / are not assumed to be S& then set d := 2. This way we 
can treat the Sd and the non-S^ cases uniformly. We have to prove in both cases that i?~ l /*( w x/y) 
is nef for i < d. Since the fibers of / are reduced, so is X. By flatness and HHar77[ Corollary 
III.9.6], X is also of pure dimension n + 1. Furthermore, if d > 2, then by HPS 121 Lemma 4.2], X 
is Sd- Therefore, Theorem 14 . 81 applies . Also, by Lemma 14.101 we may replace oj* x in the statement 
of Theorem |4.8| by w x / Y if we a l so shift the indices. That is, for alH < d the following holds. 

(4.13.a) Rf^x/v = R-~ 1 U^x/y) © {®R 1 U{ux/y[-1\\ 



FIBERED STABLE VARIETIES 



29 



Fix integers m > and i < d. Consider the following stream of isomorphisms and surjections, 
using Notation |4.1 II 

(4.13.b) 




Q)r 1 M"x/yI-i}) 



l>-i 





<4~TTat 

1 R- % f*(u' X / Y ) 



i=l 



is left derived, and R~ l f* (uj' x ^ y ) 
is the highest non-zero cohomology 
sheaf of R^~ i f,(u)' x/y ) 

-» S m (R-*Mu' x/Y )) 

Fix any y G Y and iV G Z, such that |JVy | is base-point free. By Corollary 14771 R~ im (f m )^u Xm/Y )®ujY ((N+l) 
is generically globally generated. Hence by (I4.13.bl) . So is S m (R~ i f*(u x/Y )) <g> u Y ({N + 1)t/ ). 
Therefore, by Lemma [47T31 J?~' i /*( w x/y) * s ne ^ f° r everv * < ^> which concludes our proof. □ 

4.B. Injectivity and surjectivity for Du Bois schemes 

Here we prove Theorem 14.61 and Corollary 14.71 Theorem 14.61 is also well known for rational sin- 
gularities. However, proving it for Du Bois singularities is by far a non-trivial extension. It is a 
product of the work of many, most notably Fujino [ Fuj09[ Theorem 2.38] and Schwede HSch07[ 



Theorem 4.6]. The main trick of the proof was communicated to the author by Karl Schwede. 

Proof of Theorem \4^6\ Consider a closed embedding of X into a smooth scheme Y, and let p : Z — > Y 
be an embedded log-resolution of (Y, X), which is isomorphism on Y \ X. Set E := p~ 1 (X) re d 
and 7r := p\ E . By HSch07[ Theorem 4.6], the natural homomorphism X — > Rk^Ge is quasi- 
isomorphism. This yields the following isomorphisms. 



(4.13.C) Rir*tu E = Rir*R?(om E (G E ,uj E ) = R9fom x (Rir^ E ,u x ) = u 



X 



Grothendieck-duality ISch07l Theorem 4.6] 
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(4.13.d) H i+diraE {E,u E ®7r*^) = H\E, u' E ® 7r*Jzf) 

y v ' 

E Gorenstein, hence u}% = ui^ [dim E] 

H l (Y, Rtv^u' e <g> 7r*JSf)) = H l (Y, Rir*(u 9 E ) <g> JSf) = <8> JSf) 
" v ' ' ' v *— ' 

Grothendieck spectral sequence projection formula )4. 13.cl 

Furthermore, by replacing Jz? in (I4.13.dl) with ££{F~), one obtains that 
(4.13.e) H i+dimE (E, cue ® tt*J^(F)) = H\u' x ® jSf(F)), 

and (I4.13.dl) and (14. 13 .el) are compatible with the natural maps induced by Jzf — >■ Jf(F). Hence, 
by setting j = i + dim £7, it is enough to prove that the natural homomorphisms 

(4.13.f) H j (E, lo e g> vr*^f) -> H j (E, u E g> 7r*JSf (F)) 

are injective for every j. Note at this point that since n*F is a general member of a base-point free 
linear system, it does not contain any strata of E. In particular then [ Fuj09[ Theorem 2.38] (setting 



X := E, D' := 0, D := n*F, H be a ny divisor such that E {H) = ?r*Jzf, t := N, B : = 0, 
S := 0) implies the injectivity of (I4.13.fl) . □ 

To prove Corollary 14.71 we need two more lemmas. 

Lemma 4.14. IfX is a quasi-projective scheme and H an effective Cartier divisor on it, then there 
is an adjunction exact triangle as follows. 

— f*(/0 — ^[i] — 



Proof. If i : H — > X is the embedding morphism, then 

u' H ^ L-u m x = ROfom H {G H , l-uj' x ) ^ R!Hjtmx{0H,Ux) 



v ■ 

by Grothendieck duality 



Consider then the exact sequence 

t?x(-H) ~0 X ** @h 0, 

and apply R9fom x (_, uj* x ) to it: 

(4.14.a) cu' H ^ RUfom x (ff H ,uj x ) > u' x »- oj x (H) 

Rotating (I4.14.al) yields the statement of the lemma. □ 

Lemma 4.15. Let f : X — >■ Y be aflat, projective Du Bois family over a smooth projective curve, 
Do G Y, N > such that \ NX yo | is base-point free and A G | NX yo \ a generic element. Then for 
any i and any y G F such that X y C A, the natural map a in the following diagram is surjective. 
(4.15.a) 

H\X,u x/Y ® f*u Y ((N + l)X yo )) - H\X^' X {A + X yo )[-l\) — H\A,uj' A {X m )) - H%A,l 



H l (X y ,u Xy ), 



FIBERED STABLE VARIETIES 31 

Here the horizontal homomorphism is induced by the adjunction map u x (A) [—1] — > uo' A of Lemma 

KM 

Proof. The vertical arrow of (I4.15.al) is surjective because X y is a component of A. Therefore, it is 
enough to prove that the horizontal arrow of (I4.15.al) is surjective. However, then equivalently we 
may also show that 

(4.15.b) H\X,u' x (X yo )[-l}) W(X,u x (X yo + A)[-l}) 

is injective for all i. Note at this point that by HKSlll Main Theorem], X itself is Du Bois. Hence, 
d4.15.bl) follows from Theorem EH □ 

Proof of Corollary \4~7\ For any y EY, 
(4.15.C) 

dim fc(y )(i? f*uJ x /Y)y = dim fc(j/) (iT* f*0 x ) v = dim fc(y) H~\X y , ff Xy ) ^ dim fc(y) H\X y ,u x ) . 

V v ' S V ' * w S 

Lemma|43] IKK 101 Theorem 7.8] Grothendieck duality 

Consider then the following diagram for a generic closed point y E Y. 
(4.15.d) 

H°(Y, &f*(u>' x/Y ) (8) u Y ((N + \)y Q ))L-^^ H\X V , oo Xy ) 

H\X,u x/Y ®ru Y ({N+l)y )) 

The arrow a is surjective by Lemma |4.15[ and by (14. 15.cb the two ends of 7 have the same dimen- 
sions over k. Hence (3 also has to be surjective. This finishes our proof. □ 

4 . C . The proof of direct decomposition 

Here we show Theorem 14 .81 First, the following two lemmas state certain preservations of proper- 
ties by passing to generic hypersurfaces. 

Lemma 4.16. If X is a quasi-projective, Sd scheme of pure dimension n, then a generic hyper- 
plane section is also Sd- 

Proof. Let H be a generic hyperplane section of X. Since X is Sd, depth &x,p > min{d, dim &x,p} 
for every P E X. We want to prove that depth &h,p > min{d, dim &h,p\ for every P E H . By 
UPatlObl Fact 3.2] it is enough to show that, H avoids the points P such that 

depth &x,p < min{<i + 1, dim Gx,p\- 

or equivalently, using that depth &x,p > min{d, dim &x,p), the points P such that 

(4.16.a) depth G x ,p = d and dim <ff x ,p > d. 

This avoidance is guaranteed if there are only finitely many point P E X, satsifying (I4.16.a[) . 
Assume the contrary. Let 38 be the set of all points P E X satisfying (I4.16.al) . Then there is a fixed 
value r > d of dim &x,p, such that there are inifnitely many points P E S3 with r = dim &x,p- 
Let BS r be the set of these points. Since S$ r is infinite, there is a r — 1 codimensional point Q in 
the closure of it. Fix, this Q. 
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Note now that by HPatlObl Proposition 3.3.6], for all P e M r , h^u^) p = for % > -d- (n -r) 
and h l (uj x ) p^O for i = —d — (n — r). In particular then the same holds for Q. That is, 

h^oo^Q = for alH > -d - (n - r) = -{d - 1) - (n - r + 1) 

and 

/i i ( w ^) Q ^ o for % = -d - {n - r) = -(d - 1) - (n - r + 1) 
Then using UPatlObl Proposition 3.3.6] again, yields that depth Gq — d — 1. However, since 
dim @x,q = dim ^?x,p — 1 = r — 1 > d — 1, this implies that X is not S^. This is a contradiction. 
Hence there are finitely many points in which concludes the proof of the lemma. □ 

Lemma 4.17. If f : X — > Y is aflat quasi-projective morphism, such that X is a S± scheme of 
pure dimension n > 2, Y a smooth curve, and H is a general hyperplane section, then the induced 
morphism g : H — > Y is flat as well or equivalently H does not contain any component of any 
fiber of f. 

Proof. By Lemma 14.161 iJ is Si, hence all its associated points are generic points. Therefore, by 
HHar77l Proposition III.9.7], H is flat if and only if all its components dominate Y . However, since 
n > 2, the restriction of H to every component of X is irreducible HHar77[ Exercise III. 11.3]. 
Using genericity of H once more, we obtain that every component of H dominates Y indeed. □ 

Having finished the preparatory lemmas, we prove in Proposition ^. 1 8| the direct sum decompo- 
sition for Rf^{uj* x j Y ) when d\m(X/Y) = 1. 

Proposition 4.18. Iff:X—>Y aflat projective morphism with connected fibers, such that X is a 
reduced Si scheme of pure dimension 2 and Y is a smooth curve, then Rf*uj* x = R~ 2 f*oj x @R~ 1 

Proof First, we show that Rf^x = f*^x © R l f*@x[-l}- By flatness and HHar771 Corollary 
9.6], X — > Y has one dimensional fibers. Therefore by HHar77[ Corollary 11.2], h % [Rf^Gx) = 
for i < and i > 1. Hence, it is enough to show that the embedding i : j*&x Rf*X of the 
lowest cohomology sheaf splits. Choose a general hyperplane H C X. By Lemma |4.16[ H is Si, 
and hence Cohen-Macaualy. Consider then the following diagram in D qc (Y). 

Gy J+U$x 

tr i 

f^ H ^—Rf^ x , 

where 

• j is the natural isomorphism that follows from normality of Y and from the connected 
fibers of /, 

• a is the derived pushforward of @ x ^h, using that H is finite over Y and hence 

Rf*0H = f*0H, 

• tr is the usual trace map, guaranteed by H being Cohen-Macaulay, and hence being flat 
over Y HHar771 Exercise III. 10.9], HKM981 Definition 5.6]. 

Since a o i is the pushforward of the natural map G x &h and j is the natural inclusion 
@y f*&x, ot o i o j is the natural inclusion G Y — y f*&u associated to f\ H . Hence, the 
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trace map of f\ H splits it, i.e., tr oa o i o j = id^ y . Therefore, j o tr o« splits i : f*ffx — > Rf*&x 
indeed. 

We have shown that Rf*0 x = f*@x® R}f*&x[-l]- Hence, 

Rf*oj' x = Rf,RMm x (0 x ,u' x ) = Rttom Y {Rf*@ x ,u Y ) = RMom Y {f*0x © R l f*@x[-l\, oo' Y 



Yi 
v 



Grothendieck duality Rf t x =f* @x ffi-R 1 U^xh 1 ] 

Rttom Y {U&x © R l f^ x [-l],uj Y [l]) lKom Y (R l f^ x ,u Y )[2} © 9£m Y (f*0x,WY)[l] 



Y is Gorenstein of dimension one uy is a line bundle 



Hence Rf*u x splits into the direct sum of its —2-th and —1-th cohomology sheaves, which con- 
cludes our proof. □ 

We show the direct sum decomposition for Rf^u^iy) when dim(X/F) > 1 by induction on 
dimension. Some of the inductional arguments are isolated in the following lemmas. 

Lemma 4.19. Let n > 2 and n > d > 2 be arbitrary integers and f : X — > Y aflat projective 
morphism with connected fibers, such that X is a reduced, Sd scheme of pure dimension n and Y 
a smooth curve. Let H be a generic hyperplane section. Then, g : H — » Y is a flat projective 
morphism with connected fibers, such that H is a reduced, Sd scheme of pure dimension n — 1. 

Proof. We check the properties of H one by one. 

• g is flat by Lemma |4.17[ 

• Since H is general, it does not contain any component of X. Therefore, dxm(HnX') = n—1 
for every component X' of X, and consequently H is of pure dimension n — 1. 

• To prove, that H y is connected, it is enough to prove it for a generic fiber, since then the 
Stein-factorization of g is a finite birational extension of Y, which has to be Y itself by the 
normality of Y. However, for generic y, H y is a generic hyperplane section of X y , which 
then is connected, because dimX y > 2 HHar77l Exercise III. 1 1.3]. 

• H is S d by Lemma |4~T6l 

□ 

Lemma 4.20. Let n > 2, n > d > 2 be arbitrary and f : X — >• Y a flat projective morphism 
with connected fibers, such that X is a reduced, Sd scheme of pure dimension n and Y is a smooth 
curve. Let H be a generic hypersurface of large enough degree and g : H — > Y the induced 
morphism. If 

(4.20.a) Rg,u)' H = R-~ d g,uj* H © I Kf^ H [-i\ 

\i>-d 

inducing indentity on cohomology sheaves, then 
(4.20.b) Rf,u x = R^~ d f*uj x © ( R'Uu x [-%} ) 

\i>-d J 



also inducing indentity on cohomology sheaves. 
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Proof. Since H is of high enough degree, Hi(X, h l {uj' x (H))) = for all i and every j > 0. 
In particular, R l f*uj x (H) = fJ\?{u) x {H)) for every i. Therefore, by Lemma 14.161 and UPatlObi 
Proposition 3.3.6], 

(4.20.C) B*f^(H) is zero for i > -d. 

Consider then the exact triangle of Lemma 14.141 rotate it, shift it, and push it forward. 

(4.20.d) Rf*u x (H) [-1] Rf,u' H Rf*u x — 

By (I4.20.cl) . this induces the following isomorphisms. 
(4.20.e) 

RJ.u'h ^ Rf,u' x if i > 1 - d, and R l ~ d huj x = R l ~ d M / im^f^H) -)• R l ~ d f*uj' H ) 
To prove ( |4.20.b| ), it is enough to exhibit a homomorphism 

R?- d f.u x © ( R'f^i-i] ) -> H/^, 

which is identity on every cohomology sheaf. There is a natural homomorphism R-~ d f*oj' x — > Rf*u 
which is identity on the cohomology sheaves of degree at most —d. Hence, it is enough to exhibit 
a homomorphism 

®&f.u' x [-i]^Rf.u' x , 

i>—d 

which is identity on cohomology sheaves of degree greater than —d. For that consider the following 
composition: the inclusion 

#7*^H ^ R-~ d g^H ® ( R'f^U- 

i>—d \i>—d 

the isomorphism (14.20.al) . and finally the natural homomorphism Rf*u* H — > Rf*co x given by 
(14.20.dl) . Call this composition </>. According to (I4.20.el) . 

ker0 = im(R- d f*cj x (H) -> R}~ d f*u' H )[d - 1]. 

Hence, im <p yields a natural map 

Rf*u x [-i] = im0 Rf,u' x 

i>-d 

inducing indentity on cohomology sheaves. This finishes our proof. □ 

Proof of Theorem WM First, we show the case when X is not assumed to be Sd- Remember that 
then d = 2. By Grothendieck duality and Lemma l43l it is enough to show that Rf* G x — f* @x®R- 
Since the fibers of / are connected, and Y is normal, f*&x — @y- Hence it is enough to show that 
the natural inclusion Gy Rf^Gx splits. This is shown in HBhalOl Theorem 4.1.3]. 

Second, we show the case when X is assumed to be Sd- For n = 2, the statement was shown in 
Proposition |4T8l We show the n > 1 cases by induction. Assume that the statement is known for 
n replaced by n — 1. Choose a general hypersurface H of X of large enough degree. By Lemma 
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14.191 all the conditions assumed for X hold for H . Hence, we may assume that (I4.8.al) holds for 
all X replaced by H. However then Lemma |4 . 201 concludes our proof. □ 

5. Vanishing 

Disregarding issues about passing to index-one covers, by Proposition 13.201 we need to show a 
vanishing of Homy(f2y, R 1 f 3f 6x) = for stable families f : X —s- Y over stable bases. By The- 
orem l4.1[ R 1 f*&x is an anti-nef vector bundle. Hence we are left to show that Homy(Oy, S) — 
for every anti-nef vector bundle <§ . In fact, we prove slightly stronger, we allow <§ to be weakly 
negative. This notion is more technical than anti-nef, but it is also considerably less restrictive. 
Since during the proof of Theorem 15 .41 we are forced to pass to it, we include it in the statement as 
well. The definition is as follows. 

Definition 5.1. HVie83[ Definition 1 .2] Let <f be a coherent sheaf on a S2, quasi-projective scheme 
X. Assume furthermore that either 

(a) <§ is locally free, or 

(b) <S is torsion free and X is normal. 

Then, 

(1) in the case of assumption (a), <§ is weakly positive over an open set U C X, if for some 
(or equivalently every HVie95[ Lemma 2. 14. a]) ample line bundle srf ', for any integer a > 
there is an integer b > 0, such that S ab ($) ® stf h is globally generated over U, 

(2) in the case of assumption (b), $ is weakly positive over an open set U C X, if U C V 
and S\ v is weakly positive over V fl U, where V C X is the largest open set where <§ is 
locally free, 

(3) £* is weakly positive if it is weakly positive over some dense open set (for either assump- 
tions), 

(4) $ is weakly negative if S* is weakly positive. 

Remark 5.2. Recall that, using the notations of Definition 15.11 a line bundle Jz? is pseudo- 
effective if for every a, there is a b, such that H°(X,JC ab ® srf b ) ^ 0. Hence every weakly 
positive line bundle is pseudo-effective. 

Remark 5.3. By HVie95l Proposition 2.9] a nef vector bundle is weakly positive. 

The main result of the section is then as follows. 

Theorem 5.4. If X is a stable variety, and $ a weakly-negative vector bundle on X, then 
Hom x (fi x , S) = Hom x (L x , S) = 0. 

The proof of Theorem 15 .41 consists of two main parts. First, in Theorem 15 .61 we show a gener- 
alization of a special case of Bogomolov Sommese vanishing for log-canonical spaces HGKKP111 
Theorem 7.2]. In particular, Theorem 15.61 implies Theorem 15 .41 when X is irreducible. The second 
ingredient is Lemma I5T81 that allows us to conclude the reducible case using Theorem 15 .61 
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Lemma 5.5. If ^ is a weakly positive and Jzf is a big line bundle on a smooth projective variety 
X, then ^# ® Jzf is big. 

Proof. Since M is weakly positive, by Remark 15721 it is also pseudo-effective, and hence by HPatl2[ 
Lemma 2.3] ^ ® Jzf is big. □ 

Theorem 15 .61 uses the notation of reflexive tensor products (i.e., [<g>]), reflexive differentials and 
(reflexive) Q-line bundles. We refer to Section [LEl for the precise definitions. 

Theorem 5.6. If X is a projective variety of dimension n, D > a Q-divisor on X such that 
(X, D) is log canonical, Jzf an anti-ample Q-line bundle, S a weakly-negative vector bundle, then 

(5.6.a) IP{XMT 1] Q %\P\)[®\-Z®&) = °- 

Remark 5.7. Theorem 15 .61 generalizes a special case of the Bogomolov-Sommese vanishing for 
lc spaces, i.e., HGKKPlll Theorem 7.2]. It is natural to ask whether there is a similar general- 
ization of the general case. That is, whether n — 1 in the statement of Theorem 15.61 could be 
replaced by any p < n. The author has no answer to this question, however from the proof of 
Theorem 15 .61 one can see that it would be enough to have a Bogomolov-Sommese type vanishing 
for H°(X, (A J 'fi^(log/J)) ® Jzf), where (X, D) is log-smooth, and re(JS?) > n - I The author 
thinks this would be an interesting question in itself. 

Proof of Theorem [5751 First, we show that we may assume that Jzf is a line bundle. Choose an 
integer N, so that J5fl _jv l is a very ample line bundle, and a general section s G Jzf'"^. Let 
r : X' — > X be the iV-degree cyclic cover of X given by Jzf* and s. With other words 

N-l \ 
i=0 / 

where the algebra structure is given by the natural tensor operations and the section s. Define 
D' := r*(D). Note that r is ramified over an irreducible divisor B determined by s, which avoids 
the general point of any component of D. Hence, by HKM981 Lemma 5. 17.2 and Proposition 5.20], 
(X', D') is log canonical. Furthermore Jzf' = rW Jzf is a line bundle. If we knew the statement of 
the theorem for Jzf being a line bundle, then we would have 

(5.7.a) H°(X',n [ x7 1] {loglD'\)®3?' ®t*£) = 

Note, here we used that the pullback of a weakly-negative vector bundle via a finite map is weakly 
negative HVie95[ Proposition 2.22.1]. Let U C X be the open locus of X where both X and D + B 
are smooth and define U' := t~ 1 (U). Note first that Jzf is a line bundle over U, second that U' and 
D'\u> are also smooth and third that codinix X \ U > 2. That is, (I5.7.al) would imply 
(5.7.b) 

= H°(U', fi^loglD'J ) ® (t\u>)*(S? ® £)) = H°(U, ((rlu^Q^iloglD'])) ®S?\ v ®g\u). 

s : — : v ' s v ' 

IHar94l Proposition 1.11] and )5.7.al projection formula 

Note at this point that since both D\ v and B\u are smooth, by HEV92[ Lemma 3. 16. a] 
(5.7.c) (7Vr^r>gL£J + B) = ^(logLD'J + r*B). 
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Hence, 

(5.7.d) (TlcrO^Oogl^J + r*B) - (T\ u ,).(r\ u ,yn»- 1 (]oglD\ + B) 



N-l 



= og-^ogjgJ +b)®{t\ u ,)^ u , j - figT^ogLDJ + B) <g> j&f 

projection formula * — " 

The natural embedding fiJ^OoglD'J ) e — >■ ^^(logL-D'J + r*B) and (l5Tdl) yields an embedding 

N-l 

(rWil^Qogliyj) ^ ^(logLDj + S) ®Jgf | 



1 I 

I £7 ■ 



7V-1 

/I \ V-vn — 1/1 I 1— \ I I \ 

I 

We claim that 

(N-l 
0^- 1 (logL^J +B)®S?\ U 

Indeed, (|5.7.e|) is a local question, so since U fl Supp 5 PI Supp [-DJ = it is enough to prove 
it over U \ Supp B and U \ Supp [-DJ separately. That is, we may assume that either B = 
or D = 0. In the former case (I5.7.dl) and in the latter HEV92[ Lemma 3.16.d] proves (I5.7.el) . 
Therefore, (r|[//), ! f2^7 1 (logL-D / J) has a direct factor isomorphic to Vl^' 1 (\og[D \) . Hence, (I5.7.bl) 
implies that 

= ^(^ngr^logLDj) ®Sf\u ® ^k) = ^°(X,n5- 1] (logLDJ)[®]JSf ® #) . 

" : — : — * ' 

|Har94. Proposition 1.11] 

Therefore, we may assume indeed that Jzf is a line bundle. 

Choose now a log-resolution n : Y — > X of (X, 77). Let D be the biggest reduced divisor in 
7T _1 (non-kit locus of (X, D)). Then 

h° (x, ^5T 1] (log L^J ) ® O = #°(*, ^5T 1] (log L^J ) ® ^ ® ^) 

S v ' 

jSf is assumed to be a line bundle 

= 77° (X, ^^(log D) ® % <g> S) 

V V ' 

IGKKP1 II Theorem 1.5] 

= 77° (r,^™- 1 (log 5) <g> 7T*^® IX* g) 



projection formula 

= H\Y,VL l y(\ogb)* ®uj y (D) <g> vr*^® 7T*<f) 

V v ' 

|Har77l Exetoise n.5.16.b] 
= Homy(nir(logD),Wy(5) ®7T*jSf ®7T*<T) 

11 ■ ■ v ' 

IHar77l Exetcise n.5.1.b] 

Assume now that this group is not zero. Then there is a non-zero homomorphism 

(j) : fi y (log77) -»■ Wy(5) ® 7T*J^ g) 7T*^ 
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Define r := rk(im <p). Note that 1 < r < n. Then 

(5.7.f) + Hom(fi r y (log5), (A r (im0))**) 

Define := (A r (im </>))** ®uy{D)* <g>7r*Jzf*, and note that since Y is smooth and is reflexive 
of rank one, then Jff is a line bundle HHar80l Proposition 1.9]. Also note that there is an induced 
homomorphism J(f — > n* A r S, which is an embedding generically, and hence globally as well 
since Y is integral. In particular, then Jff is weakly-negative HVie83[ Lemma 1.4.1]. Therefore, 

(5.7.g) ^ Hom(Oy (log D),cuy(£>) ® ir*J? ® Jff) 

«, ' 

15. 7. ft and the definition of Jt 

^ H°(Y,n r Y (logD)* ®uy(D) ® vr*if ® JT) 

V v ' 

|Har77| Exercise H.S.l.b] 

= #°(Y, fi"" r (lo gj D) <g> 7T*J^ ® JT) . 

V v ' 

IHar77l Exercise II.5.1.bl 

However, 7r*Jzf <g> = (7r*«5f * <g> JT*)*, and then it is the dual of a big line bundle tensored with 
a weakly-positive line bundle. Hence, in fact, it is the dual of a big line bundle by Lemma [531 But 
then the last group in (|5.7.g[) is zero by the Bogomolov vanishing theorem HEV921 Corollary 6.9]. 



This is a contradiction. So, our assumption was false, which concludes our proof. □ 

The following lemma helps to deduce the non-normal case of Theorem 15 .41 from Theorem 15.61 
For the definition of demi-normal please consult Section [LEl 

Lemma 5.8. If X is a quasi-projective, equidimensional, demi-normal scheme , and n : X — > X 
is its normalization with conductor divisor DCI and D := ix~ l (-D) re d> then there is an inclusion 

^x^^ x {-\ogD). 

(HereST x := Mmxfrx, <?x\) 

Proof. Let U be the open set of X containing the smooth and double normal crossing points. 
Define U := 7r~ 1 (f7). Both Z? x and JT x (—logD) axe reflexive, or equivalently S 2 , by HHar941 
Corollary 1.8]. Then so is 7r,5V (- log D) by HKM981 Proposition 5.41. So. by HHar94l Proposition 
1.11] it is enough to prove that there is a natural inclusion 

(5.8.a) ^7T^u(- log D). 

With other words we may assume that X contains only smooth and double normal crossing points. 
Since n is projective, by the GAGA principle, we may work in the analytic topology and with ana- 
lytified sheaves from now on. By abuse of notation the analytifications and the algebraic coherent 
sheaves are denoted the same way. Consider the following commutative diagram. 



(5 . 8 .b) £T X c^. ofom x (fl x , tt* x ) ^ tt* Horn 
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We are going to prove (I5.8.al) by showing that 
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(5.8.c) 



imaCim f3. 



Since 7r is an isomorphism over any smooth point, (|5.8.c|) holds at those points. So, we need to 
show that (|5.8.c|) holds also at every double normal crossing point. In the rest of the proof we do 
this by a local computation. 

Fix a double normal crossing point P. Then by replacing X with an analytic neighborhood of 
P, we may assume that 



(5.8.d) 



X = Spec (C[x 7 y,zi,..., z n ] j 



Define also Y : = Spec C[x, y, z\, . . . , z n ], and let Z := B\ x=y=0 Y with natural projection p : Z — > Y 
and exceptional divisor E. Note that X can be realized as the strict transform of X in Z, which 
is the way we think about it for the rest of the proof. Consider then the following commutative 
diagram. 



(5.8.e) 



!Mom x {n Y \x^x) 



rtomx(n Y \x,n*0x) 



7T*#£W X (7T*(^U),^x) 



X) 



Jir*Mm x (ir*n x , &x) 



■ J n lf fHom- x -(iT*fl x , 



'X) 



X) 



n,!Hom x {n z {\ogE)\ 7r %) - H*tiom-x{ttx{\ogD), %) 

Because of the injective arrows in (I5.8.el) . it is enough to prove that the image of Oiomx^x-, @x) m 
ttom-x (fiy \xi ^* &x) is contained in the image of 7r* O-Com-xi^x (l°g D), G^) in !Homx (£V | x , ^* 0~x) ■ 
According to Lemma [5^91 the first one is the ffx submodule generated by the maps 

dx h> x dx i->- dxi->0 
dy i — y , dy ^ y and (->• 
cZ^ i — ^ !->• cZ^j 1 

However, the second one is the k*&x submodule, generated by exactly the same maps. Then the 
fact that & x Q ^* @x~ concludes the proof. □ 
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Lemma 5.9. Let X : = Spec (k[x, y, z 1: . . . , z n _i] j ( X y)j. ^/zen Hom x {Vt x , &x) is generated as 
an ffx module by the maps 

dx i — ^ x c/x i — ^ i— > 
g??/ i — y , dy ^ y and dy h-> . 
dzi i — ?► cfej i— )■ dzi^l 

Proof. The surjection 

fc[x, y, 21, . . . , z n _i] k[%, y,zi,..., z n _i] j xy 
yields an embedding X ^ Y := Spec fc[x, y, Zi, . . . , z n _i], and consequently an exact sequence 

*~ £jc(yda: + zdy) ^ x rfx © G x dy © (0^ ^x *~ 0. 

Taking dual exhibits Ufomx(^x, @x) as the kernel of the following map. 



i=i 



d x ^ y 

dy I y X 

d Zi ' y o, 

where the basis {c^, 9^, d zi , . . . , <9 2n _ 1 } of "Homyi^ly \ x , &x) is the dual of the basis {cfe, dy, dz\, . . . , <fe n -i} 
of fiy|x- The generators of this kernel are xd x , yd yi d Zl ,..., d Zn _ x , which concludes our proof. □ 

Proof of Theorem 15.41 First, we claim that it is enough to show that Homx(Ox, g) = 0. Indeed, 
there is an exact triangle 

IL^- >■ Lx fix • 



Hence applying Hom(_, g) gives the exact sequence 

Hom(^, g) ^ Hom(L x , g) *■ Hom(Lj _1 , g), 



where the last term is zero, since IL X _1 is supported in negative, while S in zero cohomological 
degrees. This concludes our claim. 

Now we show that Homx(fij,^) = 0. Let ix : X — > X be the normalization of X with 
conductor divisor D C X and D : = 7r _1 (D) red HKoll2[ 5.2]. Then there is an inclusion 



Eom x (Q x , g) = H°(X, 3T X ®g)^ H°(X, n*^ x (- logD) © g) 



S is locally free Lemma |5ljl 



H\X,3T x {-\ogD) ®n*g) 9* H\X, (log D)[®]u x (D)*® ir* g) . 

V v ' s v ' 

projection formula wedge pairing isomorphism 

Hence it is enough to prove that the last group is zero. However, that follows from Theorem [576l by 
setting j£? := u x {D)*, which is anti-ample by HKoll2l (5.7.1)]. □ 
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6. Proof of the main theorem 

In this section we prove Theorem 1 1 .21 

Lemma 6.1. Given a tower of stable varieties as in (|2.7.al) . and its corresponding index-one tower 
of stable stacks as in (|3.5.al) , Hom(f)^_ :t , i? 1 (/ i )*^-J = 0. 

Proof. Fix an i. By Corollary 14.41 R 1 {fi)*&'x i is a weakly negative vector bundle. Then by Theo- 
remEU Hom JCi _ 1 (n^_ 1 ,i2 1 (/<)*^x i ) = 0. However, 

(6.1. a) R l {h)*0 Xi = R\fiUn)*^ = (^-i)*R\f~d*^, 

v ' S v ' 

— &x •> since (7Tj_i)* is exact, since 7Ti_i 
7Ti is a coarse moduli map is a coarse moduli map 

and hence 

(6.1.b) = Hom^^x^, {-Ki-^R'Ui)^^) = Hom,^_ 1 (L(7r l _ 1 )*^_ 1 , J R 1 (/ l )*^) 



by 16. l.at by adjunction 

-Hom^_ ] ((7r l _ 1 )*^ i _ 1 , J R 1 (/0 t ^,; 



by cohomological degrees 



Consider now the triangle 



(6.i.c) {n-iY^x^ — - — - n 



-i 



i-1 



By (I6.1.bl) and (I6.1.cl) . it is enough to prove that Hom^- i _ 1 (fi^r i _ 1 /x i _ 1 , R 1 (f i )^^^ i ) = 0. Since 
— > Xi-i is isomorphism in codimension one, fi^wxi-i is supported on a codimension two 
closed set. Hence it is enough to prove that R 1 (fi)*0x i is locally free. At this point, we are going 
to use the notations of Remark [37141 By Remark I37JH Rp*6 V; — @x>- Denote by /' the natural 
morphismXj' — > 3£i-\. Then 

H'iD-O,, = R l {fl o p).0,, - h\R{ft.Rp.0 Xi ) = h 1 (R(f i ).0 x ,) = R 1 U' i )^x' i 

However // is a family of stable schemes, so R 1 {f' i )^x l . is locally free by Theorem HKK101 
Theorem 7.8]. 

□ 

Proof of Theorem [7721 It follows from Lemma l6.1| and Proposition [3~72~T1 □ 
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